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High-Speed Binary Adder

Based on the bit pair (a,, b, ) truth table, the carry propagate p,and carry generate g, have dominated the carry-look-
ahead formation process for more than two decades. This paper presents a new scheme in which the new carry propa-
gation is examined by including the neighboring pairs (a, b; a,_, b, ). This scheme not only reduces the component
count in design, but also requires fewer logic levels in adder implementation. In addition, this new algorithm offers an
astonishingly uniform loading in fan-in and fan-out nesting.

Introduction

The traditional recursive formula for carry propagation
has dominated the carry handling process in the computer
industry for more than two decades. Today, adder de-
signs based on a similar technique include Amdahl V6,
IBM 168, and IBM 3033.

The recursive formulation of carry is based on the bit
pair (a;, b)) truth table. By examining the local bit pair,
carry propagate p, and carry generate g; are formed. The
high-order carries are generated by nesting the p, and g,
together. By considering the adjacent bit pairs (a,, b;;
a,.. b, ) anew recursive formula is obtained for new
carry propagation. The comparison between this new
scheme and the existing scheme will be discussed in the
following sections. The detailed implementation, circuits,
and logic level count are also included. Surprisingly, this
method offers an astonishingly uniform loading in fan-in/
fan-out nesting.

The formation of new carry and sum

This paper introduces a new approach to represent
the new carry formation and propagation based on the
concept of the complementing signal which was intro-
duced in 1965 [1]. To examine the impact of this com-
plementing signal in performing binary addition and com-
plementing signal look-ahead, one should evaluate the
formation of H, and H,_, as a function of neighbor-
ing bit pairs (i, i + 1). Let us consider adding two binary
numbers A and B together, where

A=a2' +a2"" +a2"+ - +a2" 4+
+ a"2° ;

B=b2"+b2""+ b2+ b2 4
+52 .

The relation among the new carry (H, H,) and
the neighboring bit pairs (a,, b;; a,,,, b,,,)} can be ex-
pressed as in Table 1 [1]; all of these are generated by
a,, b, or transmitted through the low-order bits, i + 1,i +
2, - - -, with the transmitting-enable switch oN. This sig-
nal or new carry can only be terminated when the in-
hibitor is ON (a,,, + b, , = 0). H, plays both regular
carry and complementing signal roles in performing
binary addition.

By grouping all the H, we obtain
H,=f(1,2,3,5,6,7,9, 10, 11, 12, 13, 14, 15)

=ab + H, (a, b, +a,b, ta,b,)
=ab, + H, (a,, tb,)=k+H,T,, n

where k, is the new complementing signal, H,_ is the pre-
vious complementary signal, and T, is the previous

carry enable switch or the previous stage propagate.

Equation (1) shows that new carry H, can be formed
locally by k, or produced remotely; H,_  can be produced
with the remote stage carry inhibitor not oN (a,,, + b, ,
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= 1). The formation of sum S, can be expressed by a
similar process. The truth table for S, is shown in Table 2.

By grouping all the §;, we obtain
S, =/(1,2,3,4,5,6,8,9, 10, 13, 14, 15) ;

1,2, 3—>abHM(al+1 i1 T ambm a,.b.)
= aleﬂ(ai+l +b,)
=[ab, + H,, (a,, , + m)]ab
= HiTi H
5,6,9, 10> (a,V b)a,, Vb, )H,,
=(a,Vb)a,,V 1+1)H1+1 ;
4,8 > (a, ¥V b)a,,b m)
4,5,6,8,9,10— (a,V b)[H,, (a,,V b,) + a,b,,]
={a, + bya, + b)y[Hm(am b,)
1+1b1+1 i+1 1+1 1+1]
= (a, + b, + Bi)(Hm a,.b.);
H =ab +H, (a,  +b,);
H =(a,+b)XH, +a,b,);
4,5,6,8,9,10> (a, + b)H, = TH,;
13, 14, 15> apb H,, (@b, + 8 1b,y + ;b0 )
=apH, (a, +b,)
=kH, T, ;

§,=1(1,2,3,4,5,6,8,9, 10, 13, 14, 15)
=HI, + TH, + kH,_T,

i+17i+1

=(HVT)+kH,T,, . @)

We have obtained a set of recursive formulae for both new
carry H, and sum S,. They are different from the conven-
tional process. Before discovering the difference, let us
examine the carry-look-ahead process.

New carry-look-ahead
For ease of discussion, let us consider i = 31. We have

a1 = Koy T H,T, (3a)

32732 °

By substituting i = 30, 29, and 28 in (3a), we obtain
o = Kog T Togkog + TpoTookon + TooT, Ty k

29729 297 30°°30 29730731731

+ 1,1, T, Tk (3b)

2973073132732 °

By following a similar process, we obtain

=k + Tk, + T, T,k + T,T,T,k

2525 257 2626 257 267 27 727

+71,.7,T,T,H

257267 277 28 28’
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Table 1 The relation of new carry H, with H,_ and its neigh-

boring bit pairs (@, b; a,,,, b, ).
i H =1 a; b, a,., b,
in relation
with H,
0 H =0 0 0 0 0
1 H, =1 0 0 0 1
2 H,, =1 0 0 1 0
3 H, =1 0 0 1 1
4 H =0 0 1 0 0
5 H, =1 0 1 0 1
6 H, =1 0 1 1 0
7 H, =1 0 1 1 1
8 H =0 1 0 0 0
9 H, =1 1 0 0 1
10 H, =1 1 0 1 0
1 H, =1 1 0 1 1
12 H, =X 1 1 0 0
13 H, =X 1 1 0 1
14 H, =X 1 1 1 0
15 H, =X 1 1 1 1
Table 2 Sum S, formation.
i S, a, b, a,, b,
0 0 0 0 0 0
1 H, =1 0 0 0 1
2 H, =1 0 0 1 0
3 H, =1 0 0 1 1
4 1 0 1 0 0
5 H, =0 0 1 0 1
6 H, =0 0 1 1 0
7 0 0 1 1 1
8 1 1 0 0 0
9 H, =0 1 0 0 1
10 H, =0 1 0 1 0
11 0 1 0 1 1
12 0 1 1 0 0
13 H, =1 1 1 0 1
14 H, =1 1 1 1 0
15 H, =1 1 1 1 1
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Hyy = ky, + T,k + T, Tk, + T, T, T,k

21721 21722722 217227237723
+1,71,71,T,H,,; 4

H =k + Tk, +T, Tk +T,T.TKk,
+ T,T,T,T,H,. )

By substituting (3b) for (5), we obtain

Hw = Hx;s + Iﬁsto’ (©)
where

Hﬁ;ﬁ = le + T17k17 + T17T18k18 + T17T18T19k19; (7)
I’iﬁ = T17T18T19T20 * (8)

By substituting (3a) and (3b) for (5), we obtain
HIG = HTG + Iﬂ;GHﬁ;O + I*GIZOH);AQ + I*GIZO I>;4H28 . (9)

1 1

The asterisk of H:‘s represents the fact that H;"G can be
implemented with one level of logic. Based on current
switching technology, both fan-in and fan-out are equal to
four with eight-emitter dotting; H  can be implemented
with two levels of logic.

Comparison with the existing scheme

Based on the local bit pair (a,, b)), carry C, and sum S, can
be written in the form
C=g+C.p g =ab;; : (10
$;=a,VbVC,, p=a-+b,.

For i = 16, we have

Co=8st C

1 17p16 *

By substituting i = 17, 18, - - -, 19, C, can be rewritten as
Clo = 816 T Prs81r + Pis8is + ProPrs€is + PiP1P1sCio)
= g16 + p16g17 + p16p17g18 + pl6pl7p18g19
+ p16p17p18p19C20

= Glsp + PleCZO 4 (11)
where G, and P are the grouping of the following
terms:

Gioo = 816 T P16811 T P16P1r81s T Pr6PriPrs8is (12)
PIGP = p16p17p18p19 ¢ (13)

Similarly, C ; can be written in terms of C,:
G, +P_P G

CIG = Glsn + PISP 20p 16p”~ 20p ~ 24p

+P P P, G

16p~ 20p" 24p ~28p

Equations (6), (7), and (8) are similar to (11), (12), and
(13); however, H ";6 can be implemented with one level of
logic, whereas G, cannot. By expanding (7) and (12) we
obtain

*
Hw - awbw + (a" + b")a” b17

+ (al7 + bl7)(a18 + blﬂ)al8b18

tay, + b )ag + ba, + bgab,

= aleIG + a17b17 + a17aIBb18 + b17a18b18

+ al7a18a19b19 + a17b18a19b19

+ b a.a b, + b b

17718719718 17 18019b19 ’ (14)

160 alsbm * (aw + bls)a

+ (ag + bla, + b a

17bl7

18b18

+ (alﬁ + blG)(a17 + b17)(a18 + bla)a19b19

= a16b16 + a16a17b17 + b16a17b17

+ a16a17a18b18 + a16b17a18b18

+ b16a17a18b18 + b16b17a18b18 + a16a17a18a19b19

+ a16a17b18a19b19 + a16b17alsa19b19 + a16b17b18019b19

+ b16a17alsa19b19 + b16a17b18a19b19

+ b16b17a18a19b19 + b16b17b18a19b19 : (15)
Equation (14) contains eight terms, whereas (15) contains
fifteen. With current available technology, the former can
be implemented with one level of logic (this is shown in
detail in the next section); the latter can only be imple-
mented with two levels of logic.

Let us further examine the ith-digit carry formation.
For (1), the carry is generated by local complementing
signal k;, and the remote carry H,, is controlled by re-
mote bit pair (a,,, + b, ,); whereas for (10), the carry is
generated by local carry g;, and the remote carry C, is
controlled by local bit pair (@, + b,). From the carry-look-
ahead point of view, (1) offers faster resolution, whereas
the latter is one stage slower. That is why (14) contains

only eight terms, and (15), fifteen.

To illustrate the step-by-step operation, two examples
are given.

Example 1 Assume the contents of A and B registers to
be as shown and find their sum;

A register 00000000011010101111101100011001

B register 00000000011011011101010101010111

The k, and T, can be implemented with one level of logic:

k. 00000000011010001101000100010001

t

T, 00000000011011111111111101011111

1
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The complementary signals can be implemented by
grouping k, and 7, together. This process requires one
level of logic:

H,  0000000011111121211111111100111111

1

The sum digit S, is implemented in parallel with H,; the
result of H, will force S, to select one value between H, =
Oand H, =

S, 00000000110110001101000001110000

This example demonstrates that it is possible to imple-
ment a 32-bit adder with three levels of logic with the
hardware constraints indicated in the previous section.
The detailed implementation of S, is discussed in the next
section.

Example 2 Assuming that the contents of index, base,
and displacement registers are as shown, compute the vir-
tual address. (To test the generality of this scheme, odd
contents are purposely chosen; in the normal mode of op-
eration, an EXCPN will occur.)

00000000000111010111011101011011
00000000000001011100100111011101

Index register

Base register

Displacement register 101111010111

To implement the carry-save adder (CSA) requires one
level of logic:

s, 00000000000110001111010101010001

1

c, 00000000000010100001011110111110
Implementation of &, and T, requires one additional level
of logic:

k, 00000000000010000001010100010000

1

T,  00000000000110101111011111111111

1

Implementation of the complementary signal requires one
level of logic to group k, and T, together:
H, 00000000001110011111111111110000

1

The address digit S, is implemented in parallel with H;
the result of H; will force S, to select one value between
H;,=0and I

S, 00000000001000110000110100001111

1

This example demonstrates that the AGEN adder can be
implemented with four rather than six levels of logic, as is
the case in current machine organization. The detailed
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implementation of S, (the address) is discussed in the next
section. The logic implementation of every fourth bit (i =
31, 27,23, 19, 16, 15, 11,7, 3, 0) is shown in the Appendix
of this paper.

Implementation

The detailed implementation can be divided into two cate-
gories: binary addition and subtraction, and address gen-
eration.

® Addition and subtraction
Equation (3b) is a general representation of the new
carry-look-ahead process. For ADDITION, k,, = 0; there-

fore, the fifth term in (3b) is dropped and H,, can be
written as
o = koo + Tk + T, T k.o + T, T T k. . (4a)

2929 29730730 297307 31 731

For SUBTRACTION, there is a HOT ONE carry input from bit
31; thus H,, can be written as

g = Kyg + Tyokoy + T, T k. + T, T, T, k

20%29 297 3030 204 30" 31731
+ 11,7, - (4b)

Equation (2) shows that S, is a function of H, and H,,
For ease of implementation, this equation is rewritten in
the form

=HVT)+k
—[(k + H,

i+1 l+l
TT,

+ kT,

i+1 i 1+1)

1H1+1 i+1

)V T]+ kH

i+1 1+l

1+1(

+ A kT+kT+kTT . (16)

H1iT i i1 i+l

Equation (16) demonstrates that S, can be written in the
conditional form

SH,, =0=kVT;
SH, =1)=

i+1

TT, + kT, +kT+kTT

iTi+1 iTiTi+l

The general expression of SUM §; can be written as

Si 1+1(a1+1 1+1)(a v b) + HH—I(ai v bi)

+ (a, Wa, ¥V b).

i+1 l+l
For i = 31, we have
S, = Hyla,, + bm)(a31 Vb,)+ Hsz(a

+ (a + baz)(aal v b:u)

31)

For i = 0, we obtain
S,=Hfa, + b)a,Vb,) + H(a,V b))
+(a, + b)(@, ¥ by ; an
H =k + Tk, + T,Tk, + T,T.TH,
=H+ 11H4 ; (18)
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H, =k, + Tk, + T,T ks + T,T,T,k, + T,T,T,T,H

R

=H%+IH,; (19
H, =H,+ I H,; (20)
H,=H,+I',H,. @21
By substituting (21) for (20), we have
H, = H,+ I''H, + I'T",H ;. (22)
Similarly, we obtain H, and H:
H, =H! +IH; + [LH,+ LLLH (23)
H =H' +I'H} + [[[;H, + [I[IH,

+ L TH,. (24)

By substituting Egs. (22), (23), and (24) for Egs. (18), (19),
(20), and (21), Eq. (17) can be written as
S, = (H + I'H + I'T,H* + I'I'TI*H*,

1" 4 8

+ IO H ) a, + b)a, Y by)

4

¥ pk prk * %k

+ H* + I'HY, + 'O H, + DT HY,
+ LI IH )a,V b) + (a, + b)@a,V by ;
— (Y + IHY + T HY + LI H G, + b)

x (a, ¥V by) + I\, H ((a, + b)(a, V by

1" 4" 8 12

* * gy * p¥k ® K pk yyk
+ (HY + I'HY, + ' H, + IO HY)

1 48

x (O, + H ) a, ¥ by

1" 4 8 12

+ (a, + b,V by) - 25

By using the Sklansky conditional-sum method [2], (25).

can be written as

* ik pk oy
S, = (HY + 'HY + I\ H, + IO HY)

14 87 1

X (a, + b)(a,V b)) + (a, + b,)(a,V by
+ (H* + I'HY + ' H + I'CHY)

1 1" 4 8 1
X (a,V b)) [Hg=0]
+ IO, (a, + b)),V by [Hy = 1]

* * pk pk ppk
+ (H Y+ 'H + I'IC,H + NI T H

174 8 12)
X (AP ) a ¥ b))  [Hyg = 1]

The hardware implementation of S, is included in the Ap-
pendix.

Equation (9) has indicated that H  can be implemented
with two levels of logic. Let us examine the individual
terms of §,. It is clearly pointed out that they also require
only two levels of logic to be implemented. That is to say,
when H is ready, S, can be obtained by using one addi-
tional level of logic. We have proved, by using current
switching logic, that one can implement a 32-bit adder by
consuming only three levels of logic.

® Address generation

In the address generation process, we are dealing with
positive numbers only. Therefore, k,, = 0. The output of
the (3, 2) carry-save adder provides the s, and ¢, | corre-
sponding to the a, and b, bit pairs. In addition, X, and B,
both are 32 bits in length. However, D, has only a 12-bit
width. For i = 0-18, the output of the carry-save adder
has a special pattern; s, and c,,, will not have the form

111—101—1111—11

101—111—1111—11 .

In general, the output of CSA will appear as
1111—01—001—10110
0001—01—001—10010 .

Therefore, for i = 19-31, S, appears as usual:

S;=HVT)+kH_ T, .
For j = 0-18, S, appears as
S, =HNVT).

The detailed implementations for i from 0, 3, 7, 11, 15, 16,
19, 23, 27, and 31 are shown in the Appendix.

Summary

It is intended in this paper to speed up the carry propaga-
tion for examining two bit pairs. The formulation of H’,
contains eight terms as compared to that of the regular
carry-look-ahead process, where G, ., contains fifteen
terms. It is possible to implement H";G with one level of
logic, whereas it is not possible with G, . The formula-
tion of sum S, in this new process will contain slightly
more terms; however, they are not in the critical path.

References

1. H. Ling, ‘‘High Speed Binary Parallel Adder,”” IEEE Trans.
Electron. Computers EC-15, 799-802 (1966).

2. J. Sklansky, ‘‘Conditional-Sum Addition Logic,”” IEEE
Trans. Electron. Computers EC-9, 226-231 (1960).

IBM J. RES. DEVELOP. ¢ VOL. 25 @ NO. 3 ® MAY 1981




Appendix

Level 3

Level 2

Level 1

RERER

Ty—iA

H16=(1-N

X ——

Too—wi A

H =1

Yy —

Ty—iA
o °

b——T0X

H
LI_J_{_A_VA

>>>|>>>>>>>

BEREE

™ A

T5

L_I'_L_{

>

>

>

RERREE

Hiy

R

>

EEEEE

>

>

10 —ed

.m:|
€,

12 ——

Cy3-

R

13

Cy 4

M—»l
Cis

Si5—i
€ e~

Ci7

RER

T3

161

HUEY LING

IBM J. RES. DEVELOP. & VOL. 25 & NO. 3 & MAY 1981



Level 1 Level 2 Level 3
S, 0 T,
Cs Ts i A o X
Hj—— L
T ——={A
P ﬁnx | ]
L O
C, h— A ;:
i B T3—=iA 053
S, T ;g A T —
M —_—
4 4 £ 13— A
Cs 1 Hizu oF Hls;,o"
T
3 A
Hyg= 1™
Y——’
T A
Epvang
S5 A o Y —>
Cg—i V4
g6—>A A
o [k | Y
57w —
; (o i t
7 A T,
Cg—i
Sg——w|A
Coms!
S, A
C o—
slu A
Ci—s
Si A
C12—->
S12 A
Ciz—s
i=17 \
Level 1 Level 2 Level 3
H3 : X
—_—]
7 L‘ s,
« T A 0
8, 0 A T, Ty ——wA 77—
e X ]
C T, 8:@: N _
8 7 yy T/ A
T x—
8
Ty ———n 1_716 = -
. v
12 oX Ty—
5 ——=it HS Hg= 11 -
C N i Ty
8 H7 X
Y ——
5 °c A T} : A
Cy I3 §———>! 8 Y
T3, y

162

IBM J. RES. DEVELOP. e VOL. 25 » NO. 3 ¢ MAY 1981

HUEY LING




i=11

Level 2

Level |

Level 3

T“——->A

X ——n]

T, —|A
X

Hyg= 0

Ti—fA
= -]
T, —A

Hyg
Y

X ——»
Y ——»

o Q>
> I
A 4
< < <
= xH L& [
~ = [l
= = == o
[ L] [t
< ‘ o
- = ﬁl ﬁ. N
38 a1 PN

i=16

Level 3

Level 2

Level

Hig

wn_m.v>
m:.v
.M:.'.}
m;.v
— M:-'}
513 —ai
< Cig™
,w.E”I'}
¢ C g
9
¢ Si9wf&
N;Q —>
207
5,0 S18—2f&
mnoﬁullvslv
wGM:.V>
T, e
w._ Si7—1A
g
R ITE
C

o]
o
< << < <
LU It
=~ -~ = B
23 LR :&
B S
&
B
Sp=fA A
Gy Cas
SeA Sa5—miA
WLNN.V ﬁlNol'
— WN_I'> w. MNmI'LP
S, —— 26 ™
27 ] Cy>
- n g .
MNN A MNO C A
=7 Cyy c 26~
Cyy === 27 wlv
23 c
Cyp 2] A MNQWNHJH>
G, ¥ QNmm... e
. o
wN 5elA mdm.? A
2 oYy o Gkl
g 8%
5 Sl 5, SuslA
c,, o T, 2
w- SR 5,6 25 A
— ——— N
w~, S23-e= %NxMLJ

163

HUEY LING

IBM J. RES. DEVELOP. @ VOL. 25 @ NO. 3 @ MAY 1981




Level 1 Level2 Level 3
Ry A S-'lsc‘m
15
C,,—»
16 .
SisFCie 5is¥C [a Sys
_ [
Hie=0 _,
s O ST C1y St Chy
16 —A
§,+C g o=
Ch S16 ¥ €y =1
Sis* Cye
SietCiy |A
— $..¥C
5 A 1Y 16 55¥Cy,
Cie ™ e
Sis A
& S—
515¥Cy,
i=27
Level 1 Level2 Level3
s Y L Tas
28
Cy Tag
S
= 27
Hus A O
T >
3 A 53 VCo 55, VCoy Y
27 28
C g - JENAPROEEE—.
5,,VC
y 27V Cag
le Syg A
28 P - Cg—sd
Sy ¥Cy4 ]
5,7,V Cy
fzs A < Hyy
Cog—sl P—
Sso A
630_____.4 LN_-—
gso——A
Co—™ \_|
Cs -
EZ‘)——A
So—et | i
G, — < 2

164

HUEY LING IBM J. RES. DEVELOP. @ VOL. 25 ¢ NO. 3 » MAY 1981




i=19

Level 3

Level 2

Level 1

%3
Aﬂn ﬁ q < <
QA ILlIe &g
RIS S SIS
+ = +
Q.2 2 82
o 1y © Wy iv
P S
= % ey
4 )| /
< < <
£ 3 1 [E 1 . =
) ) £ s
p D
§. -] A
WB.Y Sy4-nfA §$25—J0
-21 [oppe C
S-=A unm A 2
= 25 wipn] hnolo A O
MNN.! Cogm Cyr—
A Sye~=IA Sy—loh
Coyoml C 21
5 27+ C gt
S23-mA Syq-mlA .
Crsl c mzllo o
i
Syo-»fA u~m.1> 29—
Sy - < Sy Lo Say—eA
Su2elA 5,02 Tl ]
c Cp > —0—1 BCos] Lo S 5 Sp—A & &
2™ C o] 21 T S S
Ss, S20-»JA hwo Spqmelx Cypd ch VQ VO,
< = —A 2 2
C 28 = RE Msl ) Cao Ivm.s % &
e - - —_
mxm.wwn"> D T I 23— i S
Cpy 22 C... C26™ O LY 5) ] & ©
5. Syeim 7= 23 ¢, 20 S ;
2 -] 0~ Sp=2TIA Co—] AR
Cyy 2] Cas>] [~ s A
C. Spetx Gﬁml.! 24—0
2
Gn—g." 0 GNJ 26w A Cy5—odl
23— Cy C6-] © < < <
e kS RS

165

HUEY LING

IBM J. RES. DEVELOP. ® VOL. 25 @ NO. 3 ® MAY 1981




i=23

Level 1 Level 2 Level 3
R Ne)
SRR IR Or L e e
e |0Le 108 1.2 1, 0.0 KRN Kel o
it ik gt bt V] 1 1T
R S
H§4 A IE H24 — 5‘23
{ ) 5244 Cos.m] o
A\ 8§23 VC24
:m Bw :’m g:. gw g:,,, zﬁ::,, gﬁﬁh f?g’“ gﬁ BM N Hyy -l A
o 1o o o P 523 ¥ Cogm
S < =1 o T5 24
Vit b Y | 2 S uCseA
> > > > © © [§) © 28 533V Cyy ™
554 A 24C25
Cys
St Cys —
3?23-—>A
C .
* p— 523V Coy
Sx A
C24 'e)
533V Co4
i=31
Level 1 Level 2 Level 3
A ‘u__s_ll
S
31

Received September 11, 1980; revised November 26, 1980

166

HUEY LING

The author is located at the IBM Thomas J. Watson Re-
search Center, Yorktown Heights, New York 10598.

IBM J. RES. DEVELOP. ¢ VOL. 25 ¢ NO. 3 « MAY 1981




