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Abstract
,Q� WKLV� SDSHU� WKH� DXWKRUV� SURSRVH� DQ� H[WHQVLRQ� WR� WKH
SRSXODU� ^�Q���� �Q�� �Q��`� PRGXOL� VHW� E\� DGGLQJ� D� IRXUWK
PRGXOXV� ±� �Q������ � 7KLV� H[WHQVLRQ� OHDGV� WR� KLJKHU
SDUDOOHOLVP� ZKLOH� NHHSLQJ� WKH� IRUZDUG� FRQYHUVLRQ� DQG
PRGXODU�DULWKPHWLF�XQLWV� VLPSOH�� �7KH�PDLQ� FKDOOHQJH� RI
HIILFLHQW� UHYHUVH� FRQYHUVLRQ� LV� PHW� E\� WKUHH� WHFKQLTXHV
GHVFULEHG� KHUHLQ� IRU� WKH� ILUVW� WLPH�� � )LUVWO\�� ZH� UHYHUVH
FRQYHUW�OLQHDU�FRPELQDWLRQV�RI�PRGXOL�KHQFH�UHGXFLQJ�WKH
QXPEHU� RI� QRQ�]HUR� ELWV� LQ� WKH� %RRWK� HQFRGHG
PXOWLSOLFDQGV� IURP�Q� WR�PHUHO\���� �6HFRQGO\�� LW� LV� VKRZQ
WKDW�GLYLVLRQ�E\����LI�LQWURGXFHG�DW�WKH�ULJKW�VWDJH���FDQ�EH
LPSOHPHQWHG�YHU\�HIILFLHQWO\�DQG�FDQ�� LQ� WXUQ�� UHGXFH� WKH
FRVW�RI�WKH�FRQYHUWHU���7R�LPSOHPHQW�9/6,�HIILFLHQW�PRGXOR
UHGXFWLRQ�� ZH� SURSRVH� WZR� WHFKQLTXHV� ±� 0XOWLSOH� 6SOLW
7DEOHV��067��DQG�D�0RGLILHG�'LYLVLRQ�$OJRULWKP��0'$��
,W� LV� VKRZQ� WKDW� WKH� 067� FDQ� UHGXFH� H[SRQHQWLDO� 520
UHTXLUHPHQWV� WR� TXDGUDWLF� 520� UHTXLUHPHQWV� ZKLOH� WKH
0'$�FDQ�UHGXFH�WKHVH�IXUWKHU�WR�OLQHDU�UHTXLUHPHQWV��$V
D� UHVXOW� RI� WKHVH� LQQRYDWLRQV�� WKH� SURSRVHG� UHYHUVH
FRQYHUWHU�XVHV�VLPSOH�VKLIW�DQG�DGG�RSHUDWLRQV�DQG�QHHGV
D�ORRNXS�ZLWK�RQO\���HQWULHV��7KH�GHOD\�RI�WKH�FRQYHUWHU�LV
DSSUR[LPDWHO\���Q����IXOO�DGGHU�GHOD\V�DQG�WKH�DUHD�FRVW
LV�TXDGUDWLF�LQ�Q�

1.� Introduction

     In recent years, parallel arithmetic has grown in
importance due to the increasing demands by digital
signal processors for GOPS-like performance with µW-
like power constraints [1].  This has led to renewal of
research interest in the highly parallel arithmetic offered
by residue number systems (RNS) [2-4].  A significant
portion of this research is focussed on reducing the
penalty of conversions into and out of this number system
– the so called forward and reverse conversions.  Such
reductions are achieved by proposing new “conversion-
friendly” moduli-sets or innovative converter structures
for a given set, or a class of sets.  As a result of
conversion research, it is now well established that

forward conversion and residue arithmetic for moduli of
the 2n-type (i.e. expressible in the form 2n or 2n±1) can be
implemented quite efficiently [5].  However, there are no
similar guidelines for reverse conversion.  Individual
properties of moduli do not guarantee efficient reverse
conversion due to the number theoretic interactions
involved.  This has been a major hurdle in moving
beyond the popular {2n-1, 2n, 2n+1} set, which, while
offering extremely efficient forward and reverse
conversion, cannot be employed in practical systems due
to its limited parallelism.
       In this paper we propose a new moduli set that
increases parallelism while retaining efficient forward
conversion and residue arithmetic.  This set – {2n-1, 2n,
2n+1, 2n+1+1} – is a super-set of the {2n-1, 2n, 2n+1} set
and hence termed a 4-moduli “superset”.  With low-cost
forward conversion and arithmetic taken care by the
choice of the moduli, we focus exclusively on the more
difficult task of reverse conversion for this set.
The paper is organized as follows.  In section 2, we
provide a short overview of residue number systems
(RNS) and the various factors that are of importance in
choosing a “good” moduli set.  We also justify the choice
of our superset over other possible 2n-type 4-moduli
supersets.  In section 3, we develop a new algorithm to
implement the reverse conversion.  The VLSI
implementation details along with area and delay
estimates are presented in section 4.  The last section
summarizes the cost and performance factors associated
with this 4-moduli set and highlights the salient points of
this research.

2.� Background

     The following section introduces the terminology and
notation employed in the remainder of the paper.



2.1.� Residue Number Systems

     Residue Number Systems (RNS) are “carry-free”, non-
weighted number systems that expose parallelism by
representing weighted numbers as tuples of remainders or
residues [2].  The basis of RNS is a set of moduli {m1, m2,
. . . , mp}, which are usually constrained to be pair-wise
relatively prime.  The residue representation of an integer
X in such a RNS is a p-tuple,

X ≡ (x1, x2, . . . , xp),
where {xi} are the least positive residues of X modulo mi,
and are denoted thus –

xi = |X|m(i) ,  i = 1, 2, . . . , p.
Beginning with zero, all numbers up to and excluding M
given by,
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may be unambiguously encoded in a RNS.  This number,
M, is called the dynamic range of the given RNS.  The
dynamic range is usually specified in bits, rather than as a
number.  A RNS is said to have a dynamic range of j bits
if it can represent at-least 2j and not more than 2j+1 unique
numbers.
     The advantage of residue arithmetic is that addition,
subtraction and multiplication can be performed for each
residue independent of all other residues.  Arithmetic is
thus parallel and the resulting speedup is close to the
number of moduli.  This last statement holds only if all
moduli share the computation workload equally.  In other
words, it is desirable to have identical computation costs
for all residue channels, which can be guaranteed by
having moduli that do not differ greatly in magnitude.
This attribute can be quantified by stating the difference
(in bits) between the bit-widths of the highest residues of
the smallest and largest moduli in the set.  We refer to this
difference as the imbalance.  A perfectly balanced set has
an imbalance of zero and achieves the maximum
attainable speedup.  Our discussion here simplifies the
actual situation somewhat, since it does not take the
nature of moduli into account.  To a first order, however,
good balance implies a potential speedup proportional to
the cardinality of the moduli set.
     There are two main penalties that negate this
significant potential speedup –
1. Conversion penalties

Significant area and delay costs are incurred in
forward and reverse conversion.  While forward
conversion is the classical modulo operation, the
theoretical basis for reverse conversion is the Chinese
Remainder Theorem (CRT) –

Another form of the CRT that is more useful for the
closed form derivation we shall carry out in sec. 3. is
[2] –
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The summation term on the RHS will be referred to
as a partial sum.  The second factor in this
summation term will be referred to as the inverse
corresponding to mk or, for sake of brevity, simply as
“the inverse of mk” (mk

-1).
2. Correction penalties.

Although the arithmetic itself is highly parallel, the
residues resulting from an arithmetic operation must
be corrected.  Specifically, a residue ri that results
from an arithmetic operation like addition or
multiplication of residues is seldom guaranteed to be
in the [0, mi) range and extra circuitry is needed to
reduce it to this range.  The need for correction is an
artifice of the finite wordlength constraint and not an
essential mathematical requirement.  In fact, by
allowing for some increased internal range, the
frequency of these corrections can be reduced [6-8].

Note that correction penalties are strongly related to
forward conversion penalties, since both are essentially
modulo operations.  It is instructive at this point to
analyze how the choice of moduli affects these penalties.
It has been shown conclusively that moduli of the form 2n

or 2n±1 (which we refer to as 2n-type moduli) have
significantly reduced forward conversion and,
consequently, correction penalties [5].  This is because
the operand to be forward converted (or equivalently
modulo corrected) can be split into independent fields and
added or subtracted to get the modulo reduced number
[5].  It is due to this reason that the {2n-1, 2n, 2n+1} set
receives such great attention – its number theoretic
properties allow efficient circuit realizations [9-16].
Henceforth, we refer to this set as the 3-moduli set
(although there are other 3-moduli sets too [17]).
     As stated in the introduction, reverse conversion
efficiency is a complex function of all moduli rather than
a single modulus.  Even so, the 3-moduli set has enjoyed
extremely efficient reverse conversion too [9, 10].
Previous research and a close analysis of the CRT has
shown that efficient reverse converter design is possible
when –
1. Closed forms exist for inverses [11].
2. Inverses have efficient Booth encoding (i.e. mostly

zeros in the encoding).
3. Products of moduli are of the 2n-type.  Such products

can significantly ease the final mod correction
because end-around-carry (EAC) schemes may be
employed [5, 9, 10].

4. Partial sum generation is possible by simple
hardwired shifts [11] or simple shift-and-add
operations.
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Although reverse conversion costs can be notoriously
unrelated to the nature of the moduli [8], having 2n-type
moduli definitely helps in achieving objective 4 and to a
limited extent objective 3.  As for the inverses, we will
see in later sections that 2n-type moduli do not necessarily
imply 2n-type inverses or inverses with efficient Booth
encodings.
     The preceding discussion shows that while increasing
the number of moduli (and maintaining good balance), for
a given dynamic range, results in greater speedup, the
nature of the constituent moduli determine the conversion
and correction costs.  2n-type moduli sets, whatever their
cardinality, guarantee extremely efficient forward
conversion and modulo correction but they do not
guarantee efficient reverse conversion by default.
Combined with the fact that reverse conversion is
undoubtedly the costliest of all conversion and correction
penalties, in terms of both area and delay, we focus
exclusively on this aspect while discussing our proposed
moduli set.

2.2.� Motivation for investigating the {2n-1, 2n,
2n+1, 2n+1+1} set

     For signal processing applications, the parallelism
offered by the 3-moduli set is insufficient.  The problem is
not that this set delivers a speedup of  “merely“ 3 times.
Indeed, from the VLSI point of view, reducing the delay
of an arithmetic unit by 66% is a remarkable
achievement!  The real problem is that this set delivers a
negligible actual speedup due to the multiply accumulate
(MAC) nature of DSP arithmetic.  Consider a MAC unit
that performs a 16 by 16 bit multiply, followed by a 36-bit
add.  The 4 extra bits in the accumulation are usually
needed for compensating rounding and other quantization
effects.  Clearly, such a MAC implemented in RNS needs
a 36 bit dynamic range.  With the 3-moduli set, this calls
for moduli that leave 12 and 13-bit residues.  If we now
compare the overall speed-up, we note that instead of a 16
by 16 bit multiply, we do a 13 by 13 bit multiply.  This
isn‘t even a speed-up of 2!  The problem is an essential
one, arising from the fact that the dynamic range for n by
n bit multiplication is 2n.  This is unlike addition, where
the result’s range stays at n (ignoring the possibility of
overflow).  Besides this real drawback, it is definitely
important to investigate sets with higher cardinalities
since there are always performance hungry applications
desiring speed-ups larger than 3.

Set investigated Suitability and Remarks

{2n-1, 2n, 2n+1, 2n+2-1} Poor.  Inelegant closed forms of
inverses

{2n-1, 2n, 2n+1+1, 2n+2-1} Poor.  Same reason as above
{2n-1, 2n+1, 2n+1+1, 2n+2-1} Poor.  Same reason as above
{2n, 2n+1, 2n+1+1, 2n+2-1} Fair.  One of the inverses is 2n-1; rest

are not as good
{2n-1, 2n, 2n+1, 2n+1+1},
n = 2m+1

Good.  Two of the inverses work out
to be 2n-1 and 2n-1 while the other two
have reasonable closed forms

{2n-1, 2n, 2n+1-1, 2n+1+1},
n = 2m+1

Good.  One inverse turns out to be 1;
another 2n-3; the other two are both
equal to (2n+1-1)/3.

{2n-1, 2n, 2n+1, 2n+1-1},
n = 2m

Good.  Identical to properties of set
{2n-1, 2n, 2n+1, 2n+1+1}

 Table 1 - Comparison of various 4-moduli supersets
Hence, the key motivation behind expanding the 3-
moduli set was to increase parallelism, while retaining
reasonable balance and ease of forward conversion and
modulo correction.  This set was chosen from a list of
potential candidates tabulated above.  The first 4 sets had
very cumbersome inverses and in some cases no tractable
closed forms.  The last three sets were found to be quite
similar with respect to the previously discussed heuristics
determining reverse conversion efficiency.  Hence, we
chose to investigate the set {2n-1, 2n, 2n+1, 2n+1+1},
which is a valid moduli set for odd n (for even n it
violates the pair-wise prime constraint).  With a suitable
4-moduli, 2n-type-set chosen, the challenge was to
construct an efficient reverse converter for it – preferably
one which involved only simple shift-and-add operations.

3.� A reverse converter for the {2n-1, 2n,
2n+1, 2n+1+1} superset – the algorithm

     We now describe the development of a VLSI efficient
reverse conversion algorithm.  In developing this
algorithm, we have benefited from and employed the
various techniques developed by researchers working on
the 3-moduli set [9-16].  Most often, these techniques
exploit the 2n-type nature of the moduli set and allow
simple and efficient hardware to realize modular
operations.  However, the additional modulus creates new
and unforeseen problems.  To combat these, we have
developed three new techniques that allow efficient
reverse conversion.  In the derivation of a suitable
arithmetic procedure, note how we exploit the knowledge
and nature of the moduli and their inverses.

3.1.� Closed form of the result using the Chinese
Remainder Theorem (CRT)

     Let m1 = 2n - 1, m2 = 2n, m3 = 2n+1, m4 = 2n+1 + 1, with
n = 2m+1 (m is positive and integral).
We denote the residue number to be reverse converted by
X.  Thus, we have –

X ≡ (r1, r2, r3, r4)
The inverses for the moduli work out to be -

m1
-1 = 2n-1 + (2/3)(2n-1 - 1),

m2
-1 = 2n -1,

m3
-1 = 2n-1,

m4
-1 = (2n + 3) + (1/3)(2n+1).

Invoking the Chinese Remainder Theorem (CRT),
X + M.A(X)



= m1
-1. 10̂ .r1 + m2

-1 . 20̂ .r2

+ m3
-1 . 30̂ .r3 + m4

-1 . 40̂ .r4

= m1
-1 .(2n)(2n+1)(2n+1+1).r1

   + m2
-1 .(2n-1)( 2n+1)(2n+1+1).r2

   +m3
-1 .(2n)(2n-1)(2n+1+1).r3 + m4

-1 .(2n)(2n-1)( 2n+1).r4

Since the lower n bits of X are identical to the residue mod
2n  i.e. r2, we need not compute these bits.  The remaining
higher order bits are given by,

;
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  = Y, say.

Working this out from the closed form, we get,
;
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+ m3
-1 .(2n-1)(2n+1+1).r3 + m4

-1 .(2n-1)( 2n+1).r4

= m1
-1 .(2n+1)(2n+1+1).r1

+ {(2n-1)(2n+1)(2n+1 +1)-(2.(22m-1)+2m)}r2

+ m3
-1 .(2n-1)(2n+1+1).r3

+  m4
-1 .(2n-1)( 2n+1).r4  , or,

= E, for brevity.

Note that M is a multiple of 2n and hence, we have
omitted the floor function from the second term in the
LHS.  To get rid of the M.A(X) term, we re-write the
equation above, taking mod m1m3m4 of both sides,

  
; 0$ ;
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3.2.� Calculating ( PPP1 3 4

Two problems arise if we try evaluating ( PPP1 3 4
 (i.e.

Y ) directly.  Firstly, division by 3 occurs in m1
-1 and m4

-1

and E cannot be evaluated by simple shift-and-add
operations.  Secondly, existing approaches like, Piestrak’s
Multiple-Operand-Modulo-Adders (MOMAs) [5] cannot
be used to perform the modulo operation on E.  This is
because the width of the fields into which the input
operands must be split in Piestrak’s approach turns out to
be (2n)(n+1) – inapplicable for E which has only about 4n
bits in all!
Hence we find Y by splitting the moduli product and
applying the CRT i.e. we first find E1 and E2 where,

E1 ≡ |E|m1m3 and E2 = |E|m4

and then apply the CRT to retrieve E from E1 and E2.
There are two reasons for adopting this approach -

1. Although |E|m1m3m4 is difficult to evaluate, E1 and E2

can be evaluated very efficiently.
2. Efficient evaluation of E1 and E2 would be useless

without a fast algorithm to derive E from E1 and E2.
Fortunately, this operation is fast because closed
forms exist for the inverses of m1m3 and m4.

In the following discussion, we shall use M1 = m1m3 and
M2 = m4.

3.3.�Calculating E1 and E2

The expression for E1 works out to be -
E1 = |E|m1m3 = |E|2

2n
-1

     = | (2n-1)(2n+1)r1 - 2
nr2 - (2

n-1)(2n-1)r3 |2
2n

-1

This expression is evaluated very efficiently using (5, 22n-
1) MOMAs that use an end-around-carry and CSA style
architecture.  For details on the techniques used for
reduction modulo 22n-1, the reader is referred to [9,10].
The expression for E2 turns out to be even simpler and is
given by -

E2 = |E|m4 = |E|2
n+1

+1 = |2r2 - 2r4|2
n+1

+1.
If r2 > r4 i.e. if the expression is positive, it is guaranteed
to be correct mod m4.  If it is negative, we simply add 2m4

to the expression, even though m4 will suffice in some
cases.  This is to keep this unit fast and simple.  The cost
incurred is a 1-bit increase in the internal wordlength.

3.4.�Combining E1 and E2 to get E

From the CRT,
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If we evaluate E using equation (3.1) above, we find that
in spite of Booth recoding the weights w1 and w2, the
evaluation is very costly since both w1 and w2 have
approximately n non-zero bits after Booth recoding.  Thus
the multiplication cost is not only high, it also scales
linearly with n.
To overcome this, we used an innovative technique. We
note that although w1 and w2 have ‘bad’ Booth recoding,
(2w1 - w2) and (w1+w2) have very efficient, n-independent
coding.  This is evident in the expressions below -
2w1 - w2 = 23n+1 + 22n - 2n+1,     (3 bits in Booth Recoding)
w1 + w2  = 22n+2 - 2.                 (2 bits in Booth Recoding)
Hence equation (4.1) can be re-written thus -

( Z Z ( ( Z Z ( (
0 0

= ⋅ − − + + +
⋅

1

3
2 21 2 1 2 1 2 1 2

1 2

[( )( ) ( )( )]   

    = | K |M1M2

Note that earlier on, we rejected direct evaluation of E
because of division by 3 in the expressions for two
modulo inverses.  The reason was that the number of
partial products in the subsequent multiplication would
scale linearly with n.  Here, the division by 3 incurs no
such cost.  This is because we exploit the fact that we can
very efficiently divide a number by 3 when it is known, a-
priori, to be a perfect multiple.  The reader may wish to
verify that a simple chain of subtractor like cells can
perform such a-priori division.  Furthermore, concepts
similar to carry-selection or carry-lookahead can be used
to modify this ripple-like structure to make it faster.

3.5.� Performing the final mod operation

     Thus far, we have been successful in finding fast and
lean implementations for the various operations.  But the
final modulo operation poses a problem.  This is because
existing methods fail for unconventional moduli sets like
the one under investigation.  As we described in sec. 3.2,
a widely used strategy is to break up the number to be
reduced into fields [5].  Similar to the earlier case with E,
this strategy does not succeed here since the field width
for mod (22n-1)(2n+1+1) is (2n)(n+1) which exceeds the
width of K itself.
     The other technique is to use ROMs [18].  This is also
not applicable here since the “overflow” is of the same
order as the valid range (overflow in this context is
defined as the number of bits in the input operand minus
the number of bits in the desired mod-corrected output).
Worse still, the overflow is not fixed and varies linearly
with n (~3n).  Since the overflow bits are used to address
the ROM, the latter’s size increases exponentially with n.
This makes the design highly non-scaleable.
We present two techniques that overcome this problem –
one is an adaptation of the ROM-technique while the
other is algorithmic.  Before presenting the details, we
derive the number of overflow bits.  The dynamic range
for the conversion is –

L = M1M2 = (22n-1)(2n+1+1) = (23n-1 - 1 + 22n - 2n+1).
Clearly, 23n - 1 > L > 23n-1.  Hence the first 3n-1 bits are
guaranteed to be correct mod L.  The maximum value of
K can be derived in terms of L, as follows –

K = w1E1 + w2E2 = M1
-1.M2.E1 + M2

-1.M1.E2
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     Note that we have accounted for not correcting E2

completely.  Now, M1
-1 + 2M2

-1 is of the form 23n-1 + k
where k ∈ [0, 23n-1 ).  Thus, we can expect a worst case
overflow of 3n bits.  This analysis can be tightened up a
bit by deriving the exact number of bits in Kmax and one
might find that the overflow would be (3n-1) bits and not
3n bits.  This difference is quite insignificant in both the
schemes to be discussed below.  This is the first sign of
the robustness of the following methods – a one bit
difference would be critical in a pure ROM
implementation, as it would double the ROM size.  In the
following sections, we often omit the floor or ceil
function while stating the bits needed to address the
ROM.  We do this to keep the estimates tractable and
intuitive.  It will be clear from the context that this does
not affect the results significantly.

3.5.1. Reducing ROM requirements by the Multiple
Split Tables (MST) approach.  A pure ROM scheme
would require approximately 23n x 3n x 2 bit ROM.  For n
= 8, this would be about 1024 Mbit i.e. 128 Mbyte of
ROM for a dynamic range of 64 bits.  This is clearly
impractical.
     A useful technique is to try and convert 23n into n.23.
What this means is that we split the 3n bit overflow field
into n fields of 3 bits each.  ROM lookup is used for each
of these 3-bit fields and the outputs from all the ROMs
are added together.  In such a scenario we would have to
add n numbers, each of which is correct mod L,  to get the
result.  Doing so causes an overflow again, but this time
the number of overflow bits is approximately log2(n+1).
The final correction can again be performed using a
ROM.  The total ROM requirement is thus -

n.23 x 3n + 2log(n+1) x 3n x 2 bits, or,
n.23 x 3n + (n+1) x 3n x 2 bits

which is quadratic in n as compared to the pure ROM
scheme which is exponential in n.  Thus about 1 Kbyte of



ROM would suffice in place of the 128 Mbyte needed
earlier.  The cost incurred is the need for n-1 large
wordlength adders.

3.5.2. The Modified Division Algorithm (MDA).  We
now present what we believe is a new technique for mod
calculation when the number of overflow bits is large and
scales linearly with the dynamic range.  In the MST
approach outlined above, we adapted the lookup approach
to reduce the size and growth rate of the ROM
requirements.  In the modified division algorithm, we
adapt the classical, division based mod-extraction
approach.  For sake of efficiency, we do use some lookup,
but the size of the ROM used is linear in n and the
number of locations is a small constant.
     The basic idea is straight-forward.  The classical
definition of the mod operation is –

. . /
.
//

= − ⋅





.

The usual reason for not computing |K|L in this manner is
the costly division operation.  But we can adopt a hybrid
approach in which we approximate the quotient ( K/L  )
by a number that can be easily computed.  Thus, in effect,
we perform an operation given by -
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where   being a fixed positive constant

and  corresponds to a final ROM correction.
     The expressions above simply mean that since the
exact calculation of the quotient is costly, we produce a
pseudo-quotient, P, which is guaranteed to be close to the
quotient with a small tolerance, c.  It is clear that c = 0
corresponds to perfect division and needs no ROM
correction.  As c grows larger, it becomes easier to
calculate P, but the final ROM correction also grows.  The
worst case, where c = K/L , signifies a pure ROM
approach.  Our task is to find an optimum point between
these two extrema.  In other words, we must find a good
balance between the cost of predicting and subtracting L.P
from K as against the cost of the final ROM correction.
Before we explain how this goal is achieved, we point out
the dependency between the ROM size and the tolerance
c.  Let the result of the operation K - L.P be denoted by
$( . Then,

 $( max = (K - L.P)max = (K - L.Pmin )

           = (K - L. .
/

F




 −







  ) = KL + L.c

⇒ $( max ≤ ( c + 1)L.
Hence the resultant number can have at most log2(c+1)
overflow bits.  The ROM size is thus

2log(c+1) x 3n x 2 bits i.e. (c+1) x 3n x 2 bits.
It is thus important that we not only keep c to a minimum,
but also independent of n.
     Let us study the quotient K/L, in order to obtain a
suitable P and c from the quotient’s closed form
expression.  The division by L is expressed as a
multiplication by L-1.  The closed form expression for L-1

is derived as follows -
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Since n > 0, both the products are infinite series and
hence,
L-1 = (2-2n + 2-4n + 2-6n + 2-8n + … )(2-(n+1) - 2-2(n+1) + 2-3(n+1)

- 2-4(n+1) + … )
From our previous analysis, we have determined that 6n-1
bits would be needed for K.  Thus K < 26n, and we group
the infinite series terms that are < 2-6n separately.  With
this consideration, we re-write the series expansion of L-1,
L-1 = (2-2n + 2-4n + (2-6n / (1- 2-2n) ) )(2-(n+1) - 2-2(n+1) + 2-

3(n+1) - (2-4(n+1) / (1+2-(n+1))) )
     = (2-(3n+1) - 2-(4n+2) + 2-(5n+3) + 2-(5n+1) ) - (2-(6n+2) + 2-(7n+3)
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The group of terms which when multiplied by K yield a
number < 1 will be denoted by δ.
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         = K.(2-(3n+1) - 2-(4n+2) + 2-(5n+3) + 2-(5n+1) +δ)
         = K.(2-(3n+1) - 2-(4n+2) + 2-(5n+3) + 2-(5n+1) )+ K.δ
Thus,
 K.2-(3n+1)  +  -K.2-(4n+2)  +  K.2-(5n+3)  +  K.2-(5n+1)  +

 K.δ ≤ 
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≤  K.2-(3n+1)  +1+  -K.2-(4n+2)  +1+  K.2-(5n+3) 

              +1+  K.2-(5n+1)  +1+  K.δ +1



    =  K.2-(3n+1)  +1- K.2-(4n+2)  -1 +1+
        K.2-(5n+3)  +1+  K.2-(5n+1)  +1+  K.δ +1
We choose
P = K.2-(3n+1)  - K.2-(4n+2) + K.2-(5n+3) + K.2-(5n+1)  -1.
Then,
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We have managed to find a suitable P and c.  Note that P
is obtained quite economically by shifting and adding 4
numbers.  The value of  K.2-x  is simply what remains
after we drop off the x least significant bits - a trivially
performed operation.
     Aside from the simplicity of calculating P, we have
obtained a low value for c i.e. 5.  Thus we only need to
have a ROM with 6 locations, each 6n bits wide i.e. about
36n bits.  This works out to be about 36 bytes for a
dynamic range of approximately 64.  The lookup
requirement is now linearly dependent on n as opposed to
quadratic dependency for MST and exponential for the
pure ROM.  The significance of this can be seen by
comparing the 36 bytes for MDA to 128 Mbyte needed
for a pure ROM approach and 1 Kbyte needed for the
MST approach.  Moreover, the number of locations stays
at 6 regardless of n.  The price paid is the computation of
L.P and its subtraction from K.  But these costs are low
since L is already known beforehand and it has an
excellent Booth encoding – having only 4 bits.  Hence,
four shift-and-add operations allow the evaluation of L.P.
With this, we have the complete algorithm for calculating
the number given the 4 residues.  At each step we have
reduced the operations to simple shift-and-add type.  It is
now time to look at the overall architecture and evaluate
the cost-performance of the various sub-units.

4.� The reverse conversion architecture –
area and delay

     The algorithm developed above is now mapped to
silicon.  The figure in the adjacent column illustrates how
this is done.
     Note that we have adopted the modified division
scheme to keep the ROM requirement low and also to
illustrate a new approach to final modulo correction.  The
overall delay of the reverse converter is worked out next.
This is done by dividing the circuit into sub-sections
which are completely flow-through.  From the  figure, it is
seen that till the K - L.P generation, we have complete
flow-through (we shall rectify this slight over-
simplification in a while).  This flow-through is broken by
the need to wait for the MSBs to index the ROM and find
the two correction factors.  Note that the ROM correction
block is composed of ROM and correction adders [5]

The time taken for the K-L.P generation works out to
τK-L.P = τK + τP(CSA) + τK-LP(CSA)

τK = τK(CPA) + τK(CSA) + max(τE1(CSA), τE2(CSA))
    = (5n+3) + 4 + max(2, 1)
    = 5n+9 FA delays.     (FA = Full Adder)
τK-L.P = (5n+9) + 3 + 1 = 5n + 13 FA delays.
This delay derivation is simplistic since it does not
consider the fact that the MSBs of K needs to be shifted
2n bits to the right when P is multiplied by L.  This
disturbs flow-through by 2n FA delays.  Hence the real
delay is

τK-L.P(actual) = (5n + 13) + 2n = 7n + 13 FA delays.
Finally, we find the overall time as
τtotal  = τK-LP(actual) + τcorrection

        = (7n+13) + 3n = 10n+13 FA delays.
Note that we have ignored multiplexing, ROM lookup
and XOR delays.  The objective of the delay analysis is to
account for the most significant delays and also to see
how delay scales with n.  Also, the converter can be
pipelined as deeply as needed, since it is built almost
exclusively out of full adders and hardwired shifts.
     To compute the area, we calculate the height and
width in terms of a virtual grid.  The grid spacing is an
integral multiple of the minimum feature size λ, usually
8λ.  Hence, a grid unit in 0.25µ technology would be
2µm.
The height of the converter is given by -
htotal = hbus1 + max( hE1, hE2) + hbus2 + hK

r1 - r 4

E1 block E2 block

3(w1E1+ w 2E2) block

P- block

(K-L�P) block

ROM correction block

Decoded number

Divide by 3 block



          + hbus3 + hP + hbus3 + hK-LP + hROM + hcorrect

       = 4n + 2hFA + (3n+5) + 4hFA + (2n+2) + hFA

          + (2n+3) + 3hFA + hFA + hFA

       = 11n + 12hFA + 10 grid units 
(hFA = height of a FA).
The width can be approximated as -
wtotal = wK = 2.(5n+4)wFA = (10n+8)wFA grid units. 
(wFA = width of a FA)

5.� Conclusion

     In this paper, we proposed a new, and to the best of our
knowledge the first, 4-moduli set {2n-1, 2n, 2n+1, 2n+1+1},
valid for odd values of n.  This set was designed as an
extension to the popular 3-moduli set {2n-1, 2n, 2n+1} in
order to increase the parallelism of the ensuing arithmetic.
While efficient forward conversion and residue arithmetic
is guaranteed due to the 2n-type nature of the moduli, we
illustrate how reverse conversion can be performed
mostly through shift-and-add operations.  In developing
the reverse converter, we have proposed three new
techniques.  Firstly, we reverse convert a linear
combination of the moduli, rather than the moduli
themselves.  This results in achieving multiplicands with
just 4 bits in Booth recoded form compared to roughly n
bits originally.  Secondly, we exploit the fact that division
by 3, when the number is known to be a perfect multiple
a-priori, is highly efficient provided that it is introduced at
a suitable stage.  Finally, we propose a Modified Division
Algorithm (MDA) – an adaptation of the classical division
based definition of the modulo operation. The MDA
results in decreasing exponential ROM requirements to
linear ROM requirements.   We have also included a list
of 4-moduli sets, aside from the one investigated, which
show good promise.  It is our sincere hope that this work
will stimulate investigations of these and other candidate
sets and will further enhance reverse conversion
techniques suitable for 2n-type supersets.
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