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Abstract

We present a design of a high-radix on-line division
suitable for long precision computations. The proposed
scheme uses a quotient-digit selection function based
on the residual rounding and scaling of the operands.
The bounds on the number of cycles and the cycle time
for radix 2k and n-bit precision are obtained in terms
of full-adder delays. The speedup with respect to radix
2 is greater than 3.3 for k � 6 and n � 64. The
cost increases as a function of the radix. For the case
r = 64 and n = 64, the increase in area with respect to
r = 2 is about 6.6 times plus a 512� 10-bit table. The
proposed scheme has been designed and veri�ed using
VHDL and a 1:2�m CMOS standard gate technology
from MOSIS library.

1 Introduction

The objective of this work is to develop a division
scheme with the following properties:

A. design scalable to higher radices
B. input/output bandwidth restricted to one digit

per operand/result

Objective A allows speed/area tradeo�s by the
choice of radix without the need for new designs, and
objective B reduces the interconnect area without sig-
ni�cant impact on the latency by choice of on-line
arithmetic. Such a design would be applicable in
recon�gurable systems, (e.g., those based on FPGA
technologies), and in application-speci�c architectures
implemented with ASICs. The use of high-radix on-
line operations has been found advantageous in imple-
menting long-precision arithmetic [8]. In [8] we consid-
ered implementations with the Xilinx XC4000 FPGA
technology and developed technology-speci�c variable
precision schemes using limited precision on-line op-
erators. In this paper we consider a more general
design of a divider that satis�es the aforementioned
objectives. Our choice of on-line approach is also jus-
ti�ed by the possibility of overlapping scaling of the
operands, required by high radix, and division itself.
This overlap not only reduces the delay of scaling but

allows implementation of prescaling units which are
simpler than in the case of conventional high radix
division.

The design of on-line units has been done for small
radices, usually 2 [14] or 4 [13]. The reason for this
choice is the convenience of the bit level implementa-
tion, the reduced area, and the small number of lines
needed to interconnect on-line units. Since on-line
division is performed digit-serially, the use of larger
radix results in fewer iterations and potentially bet-
ter performance. However, the higher radix implies a
more complex organization resulting in a longer cycle
time, more hardware resources and more communica-
tion lines. The increase in the cycle time may o�set
the reduction in the number of cycles and make the
improvement in performance not so evident. To deal
with these tradeo�s, it is useful to have a general de-
sign that can be scaled to a particular high radix, with-
out the need to re-evaluate convergence conditions,
bounds or develop radix-speci�c selection functions.

The design of a high-radix on-line division proposed
in this paper is based on a re�nement of the on-line
algorithm, in terms of the proposed selection function,
and on hardware structures that can be easily adjusted
to di�erent radices [8].

In Section 2 we provide the notation and de�ni-
tions related to on-line division. Section 3 describes
the problem of selection function for high-radix on-line
division, and provides a solution that can be applied
to any radix r > 2. The proposed selection function
is also analyzed for convergence conditions. The se-
lection function requires operands to be scaled into a
range established in Section 4. An on-line division cir-
cuit is described in Section 5 and, �nally, in Section
6 the speed of the high-radix design is compared to
a radix-2 on-line divider [14] in terms of number of
cycles and cycle time. The cost increase is given for a
64-bit divider with radix-64 digits.

2 On-line Division

Algorithms for on-line division were presented in
[10, 11, 13, 14, 12, 4]. On-line division processes the
operand digits serially. The quotient digits are gen-
erated at the same rate as the operand digits are re-



ceived, and the �rst output digit is produced � clock
cycles after the input of the �rst operands' digit. The
on-line delay � varies from one operation to another
and depends on the number system, radix used and
operand's value. An on-line division unit to compute
Q = N

D
implements the following recurrence equation:

W [j] = rW [j � 1] + nj+��1r
��+1 � rqj�1D[j � 1]

�dj+��1Q[j � 1]r��+1 (1)

with the following conventions for the digit vectors:

N [j] =

j+��1X
i=0

nir
�i; D[j] =

j+��1X
i=0

dir
�i;

W [j] =

jX
i=0

wir
�i, and Q[j] =

jX
i=0

qir
�i

where the variable W is the scaled residual de�ned as

W [j] = rj(N [j]�D[j]Q[j]) (2)

with the initial condition W [0] = N [0] and digit set
f�a; :::;�1; 0; 1; :::; ag, r=2 � a � (r � 1). The on-line
delay for division was analyzed in [4, 12].We consider
the result obtained in [12] which shows that the on-line
division delay is 3 when using a maximally redundant
digit set and r > 2. It is worth mention the on-line
form for the operands, as an example for N :

N [j] = N [j � 1] + nj+��1r
�(j+��1)

The quotient digit is produced by a selection func-
tion such that the convergence of the algorithm is en-
sured for the quotient digits in the desired digit set.
The precision of the operands is n bits or m = dn

k
e

radix-r digits, with r = 2k. In the next section we
derive the speci�cation of the selection function for
high-radix on-line division.

3 Selection Function

The quotient-digit selection function based on the
estimates of the residual and of the divisor, commonly
used for small radices such SRT radix-4 [4, 13], is im-
practical for higher radices. In this paper we apply
the approach proposed earlier by [7, 15, 5] for divi-
sion where the quotient digit corresponds to the most
signi�cant digits of the residual, and for on-line algo-
rithms [3], where the output digit is obtained as the
integer part of the rounded short-precision residual.
This method has been used in the digit-recurrence
algorithm for high-radix (29 � 218) [6], radix-2 [1],
and for small radix on-line division [13]. The round-
ing/truncation selection approach requires scaling of
the divisor into a suitable range 1 � � � d � 1 + �
by multiplying it with a scaling factor M . The div-
idend is also multiplied by M . Alternatively, a quo-
tient post-correction can be performed. While scaling

introduces extra cost and delay, the selection function
is relatively easy to implement and can be applied to
arbitrarily high radix.

The following error analysis considers the selection
function by rounding and maximally redundant digit
set D = f�(r � 1); :::; (r � 1)g. The quotient digit is
obtained as:

qj = S(Ŵ [j]) = sign(Ŵ [j])

�
jŴ [j]j+

1

2

�
(3)

where Ŵ [j] is the estimate of the residual, composed
of few most signi�cant bits of W .

We adopt the derivation presented in [5]. Compute
the remanent  as:

j =W [j]� qj (4)

In this work we consider that the residual is repre-
sented in signed-digit form and that the estimate of
the residual is obtained by truncating the residual at
the tth fractional bit. The bounds for the remanent
are:

�
1

2
� 2�t � j <

1

2
+ 2�t (5)

Other bounds would be obtained if the residual was
considered in two's complement. These bounds would
lead to di�erent and more relaxed conditions for the
algorithm, however, having the residual represented
in signed-digit form is adequate for the digital circuits
that we use in the implementation of the high-radix
divisor presented in this paper.

The residual value is obtained as a function of the
remanent from Eq. (1) as follows:

W [j] = r(W [j � 1]� qj�1D[j � 1]) + nj+��1r
��+1

�dj+��1Q[j � 1]r��+1 (6)

W [j] = r(W [j � 1]� (qj�1 � qj�1)� qj�1D[j � 1])

+nj+��1r
��+1 � dj+��1Q[j � 1]r��+1 (7)

Inserting Eq. (4) into Eq. (7) we obtain:

W [j] = rj + rqj�1(1�D[j � 1]) + nj+��1r
��+1

�dj+��1Q[j � 1]r��+1 (8)

One condition for convergence comes from the
recurrence equation for on-line division considering
dj+��1 = 0 and nj+��1 = qj�1 = r � 1, with the
value of the residual represented as l:

l � r(l � (r � 1)d) + (r � 1)r��+1

l � rd� r��+1



and after substitution of the variable W [j] for l, the
equation results in the upper bound:

jW [j]j � rd� r��+1 (9)

The following relation prevents the truncation and
rounding process to create a quotient digit magnitude
greater or equal to r:

jW [j]j < r �
1

2
� 2�t (10)

Combining Eqs. (9) and (10), we obtain the bound
for the residual as:

B < W [j] < B

B = max(�r +
1

2
+ 2�t;�rd+ r��+1)

B = min(r �
1

2
� 2�t; rd � r��+1)

Because of the symmetry, we analyze only the up-
per bound based on the inclusion of the condition for
j into Eq. (5) and the value of W [j] that is obtained
from Eq. (8):

r(
1

2
+ 2�t) + (r � 1)(rj1� dj+ r��+1) < B

Dividing both sides by r, we obtain:

1

2
+ 2�t + (r � 1)(j1� dj+ r��) <

B

r
(11)

The solution for this last relation are calculated by
dividing the range of values in three regions as follows:

� d � 1

(
1

2
+2�t)+(r�1)(d�1)+(r�1)r�� < 1�

1

2r
�
2�t

r
(12)

which results in

d < 1 +
1

2r
�

2�t(r + 1)

r(r � 1)
� r�� (13)

� 1 > d � 1� 1
2r �

2�t

r
+ r��

(
1

2
+2�t)+(r�1)(1�d)+(r�1)r�� < 1�

1

2r
�
2�t

r
(14)

which imposes the bound:

d > 1�
1

2r
+

2�t(r + 1)

r(r � 1)
+ r�� (15)

� for d < 1� 1
2r �

2�t

r
+ r��, expression (11) results

in contradiction

Combining the bounds from Eqs. (13) and (15) we
obtain a range for the pre-scaled divisor:

1�
1

2r
+
2�t(r + 1)

r(r � 1)
+r�� < d < 1+

1

2r
�
2�t(r + 1)

r(r � 1)
�r��

(16)
For r > 2 and � � 3, t � 2 is su�cient to obtain

consistent upper and lower bounds for the scaled di-
visor. To avoid a post-correction step, we scale the
dividend too.

From Equation (10), jW [j]j < r � 1
2 � 2�t and the

initial condition for on-line division is W [0] = N [0],
the scaled dividend N is bounded by:

N = N [0] +

nX
i=�

nir
�i < N [0] + r��+1

N < r �
1

2
� 2�t + r��+1

Let us call the original dividend by X and the
original divisor by Y , and consider that jX j � jY j,
to avoid overow. In this case, the scaled values
jMX j = jN j � jMY j = jDj, and the bound on N
is satis�ed.

4 Computation of the scaling factor

We consider now the requirements to generate the
scaling factor M as an approximated reciprocal of the
divisor, computed using a few of its most signi�cant
bits. These requirements are independent of the �nal
implementation. In our case, we consider a reciprocal
table.

The tradeo� is the number of bits (t) used in the
selection function that a�ects the step time, and the
number of bits (b) of the original divisor y used in the
reciprocal estimate. As we increase t, the selection
function uses more hardware and it is slower. On the
other hand, the range of the scaled divisor enlarges
with the increase in t, reducing the number of bits b
required to obtain M and thus reducing the cost of
the reciprocal table. Two values of t are considered,
one is the value 2 (minimal) and the other is the value
k = log2(r) that corresponds to one radix-r digit. The
use of t = k is convenient since t is expressed as a
function of the radix.

From Eq. (16), using t = 2 we obtain the following
more restrictive bounds for the scaled divisor:

1�
1

5r
< d < 1 +

1

5r
(17)

for r � 8.
For the case t = k we obtain 1 � �0 < d < 1 + �0

with �0 = 1
2r �

2
r2
, based on the observation that:

� =
1

2r
� � and � =

r + 1

r2(r � 1)
+ r�3 <

2

r2
= �max

(18)



for r � 4. The result is valid for � � 3.
The bit patterns for the upper and lower limits of

the interval are:

1: 000:::00| {z }
f bits

::: and 0: 111:::11| {z }
f bits

:::

respectively, with

f =

�
k + 3 for the case t = 2
k + 2 for the case t = k

(19)

which corresponds to one fractional digit plus some ex-
tra bits. So, at least two digits of the divisor must be
available before the scaling factor is obtained. How-
ever, if we only take b = f bits from the original di-
visor (y), the error that occurs during the truncation
can lead to a value d outside bounds. When an ap-
proximated value of y is taken, with b fractional bits
(let us call it ŷb) it is necessary to generate a scal-
ing factor M such that a correct scaled divisor (d) is
obtained. We now show the minimal number of bits
that are required to obtain a proper value M . The
approximation ŷb of the divisor y has an error of 2�b.
Assuming that y is a normalized number, 0:5 � y < 1,
the maximum di�erence between the obtained scaled
divisor and 1 is:

d�1 = yM �1 < (ŷb+2�b)M �1 = ŷbM +M2�b�1
(20)

Since the scaling factor comes from a limited precision
computation (b bits), the product ŷbM also has an
error, and the maximum value that this product can
assume has an upper bound given by (1 + 2�b), thus:

d� 1 < 1 + 2�b +M2�b � 1 � 3� 2�b (21)

In conclusion, the error in the computation of the
scaled divisor d using ŷb can a�ect bits of weight 2�b

and 2�b+1 of the �nal scaled divisor. For this reason,
b = f + 2 bits of y are required to obtain M .

Up to now, we know that the number of bits re-
quired to calculate M is proportional to k for both
values of t. Using t = k we save one bit from each
word in the reciprocal table, but increase the time
for rounding the residual to obtain the quotient digit.
The decision on using a larger table is based on the
available area. We assume t = k from now on.

In summary, prescaling requires a table of size 2b�1

words of b bits, with b = f + 2. The number of words
is 2b�1 because the most-signi�cant bit of the original
divisor is always 1. The table words should have b +
2 bits since the maximum value of M is 2, adding
two extra integer bits to the number of fractional bits
already required. However, there are two particular
cases that can be used to reduce the word size: (1) the
value M = 2 occurs only once, (2) 1 < M < 2 for all
other table positions. For this reason, the integer bits
of M does not need to be stored in the table. Both
cases can be handled by a dedicated logic, reducing
the required table area.

5 Divider circuit

The block diagram of the circuit to perform prescal-
ing of operands and high-radix on-line division is
shown in Figure 1. The shift registers (SHR) store
the divisor digits required to compute the scaling fac-
tor M plus one, and the same number of dividend
digits. As shown before, 2 or 3 digits are necessary to
compute the reciprocal, depending on the radix used.
The reciprocal calculation is executed by table lookup,
that is accessed by the most signi�cant digits of the
divisor, after conversion to a non-redundant represen-
tation. The on-line prescalers that follow are used to
adjust the values of dividend and divisor. These com-
ponents are on-line multipliers that have their design
simpli�ed by the fact that one of the operands (M) is
obtained in parallel and has a shorter precision than
the other operand. The on-line divider is attached to
the output of the on-line prescalers and produces the
quotient digits after some clock cycles.

As mentioned in Section 1, the use of on-line mod-
ules allows the overlap of prescaling and division op-
erations, which would not be as e�cient using con-
ventional modules. The area of the on-line prescalers
is also reduced in respect to the area of conventional
prescalers, which require full precision of the operands,
and not only the precision of the prescaling factor M .

For representation of signed digits we consider
Borrow-Save (BS) code [2]. A digit u in the set D
is represented as a signed-bit vector (uk�1; :::; u1; u0),
with ui = (u+i � u�i ), u

+
i ; u

�

i 2 f0; 1g, and k = log2r.

The value of the digit is u =
Pk�1

i=0 ui2
i. Each digit is

represented by 2k bits.

High-radix 
On-line
Divider

k=log r
2

Q
2k

SHR

SHR

Y

X
2k bits

2k 2k

2k

2k

2k

b+2

b+2

On-line
Prescaler

On-line
Prescaler

D

NTable
M

b
conv.

Prescaling

+ 1 digits b
k

+ 1 digits b
k

Figure 1. Block diagram for prescaling and
high-radix division

The on-line prescaler has an area proportional to
the precision of the parallel input (b+ 2 in our case).
The design of this circuit is shown in Figure 2. The
circuit has an on-line delay of 3 cycles. The digit by
vector multiplier module is designed as a parallel mul-
tiplier and does not add clock cycles to the circuit
operation. The critical path delay of the circuit is less



than the critical path of the on-line divider, that is
presented next. The selection function of this on-line
circuit corresponds to truncation of the integer bits of
the present residual W [j].

Let W [j] = (w
(j)
�1w

(j)
0 :w

(j)
1 w

(j)
2 ::::) = s + rw

(j)
�1,

where s = (w
(j)
0 :w

(j)
1 w

(j)
2 ::::), w

(j)
�1 2 f�1; 0; 1g and

w
(j)
i 2 D for i � 0. We obtain the prescaled

operand digits using an on-line adder to compute

di = w
(j)
�1+w

(j�1)
0 . A similar circuit is used to prescale

the dividend. An analogous strategy is described in [9]
for an on-line multiplier. Only the fractional bits of
W [j] remain on W [j � 1] (shown in the �gure) to be

used in the next clock cycle. Since w
(j)
�1 is in a reduced

digit set, the on-line adder can have its area reduced,
as shown in [9].

M

Reg.

*
operand
digits   W[j-1]

b+2

2k

On-line
Adder

Prescaled
Operand
digits d

2k

Radix-r digit 
by digit-vector

multiplier
*

2k

p

s

i

w
(j)

-1

(j-1)

0w

Redundant Adder

Figure 2. Prescaler block diagram

A more detailed diagram of the on-line divider,
adapted from [12], is shown in Figure 3. The append
registers store the incoming digits into registers act-
ing like queues. In particular, the append register for
vector Q must be able to let the value qj�1 be present
at the output during the clock cycle when it is gener-
ated, since Q[j� 1] includes this value. The output of
the append registers are multiplied by radix-r digits
and submitted to a redundant adder that also com-
bines the previous residual value (W [j � 1]) and the
incoming prescaled dividend digit (nj+2) to generate
the new residual. The design of the digit-by-vector
multiplier (DVM) is the most critical part of the di-
vider circuit. The design of a high-radix on-line circuit
using bit slices presented in [9] can be applied to this
case.

The implementation using digit slices makes the
task of precision adjustment easy. Depending on the

digit radix, the structure of the bit slices must be mod-
i�ed. In order to be regular, the linear array was used
in the design of bit slices. Each bit slice produces the
bit products corresponding to the same weight. These
bit products are reduced by k � 1 levels of adders,
where k = log2r. Thus, the delay of the DVM is
tBP+(k�1)tadder, where tBP is the bit product gener-
ation time and tadder is the delay for each adder level.
The redundant adder that combines the outputs of the
DVMs, the residual W [j � 1] and the dividend digit
nj+2 will have a delay of 2tadder (tree organization).
With these �gures, the critical path of the circuit in-
cludes the selection function, the append register de-
lay for qj�1, DVM delay and two levels of redundant
adders.

Append Reg Append Reg

d

2k 2k

Redundant Adder

selection

q

n

* *

Radix-r digit 
by digit-vector

multiplier
*

W[j-1]

W[j]

Q[j-1] D[j-1]

j-1

2k

j+2 j+2

Figure 3. Block diagram of on-line divider

A two-stage pipelined implementation of the di-
vider, following the organization presented in [14] is
shown in Figure 4. The �rst stage computes part of
the residual (namedW 0[j�1]) and append the new di-
visor digit to vector D[j]. The second stage computes
the residual value and the next quotient digit. The
structure is based on a slightly di�erent recurrence
equation that is derived from Eq. (1) by expanding
the term dj+��1Q[j�1]r��+1 = dj+��1qj�1r

�j��+2+
dj+��1Q[j�2]r��+1 and combining the �rst obtained
term with rqj�1D[j � 1] to obtain:

W [j] = rW [j � 1] + nj+��1r
��+1 � rqj�1D[j]

�dj+��1Q[j � 2]r��+1 (22)

The critical path of this implementation is located in
stage 2. This path is reduced relative to the non-
pipelined implementation by one less redundant adder
delay. The total on-line delay of the pipelined imple-
mentation is 4 clock cycles.

The block level implementation of the selection
circuit is shown in Figure 5. The residual value is
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W’[j]
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*

selection

+

W’[j-1] D[j-1]
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W’[j-1]

Stage 1 Stage 2
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q
j-2

dj+2 D[j-1]

Figure 4. Pipelined organization of the on-
line divider

truncated at bit position t, generating the vector Ŵ .
This approximated residual is then converted to non-
redundant number system by a conventional parallel
adder, generating Ŵnr. This new value is rounded
to obtain the vector Ŵrnd that is truncated to gener-
ate the quotient digit in non-redundant form. (If this
form is not adequate to the digit representation used
by the DVM, another logic level is inserted for digit
conversion.) The circuit receives 2 integer digits and
one fractional digit. Every time the radix doubles, the
delay of the selection circuit increases 4TFA (TFA is
the delay of a Full Adder), assuming a ripple carry
adder design for simplicity.

W[j-1]
Truncation

Number
 Conversion

W
^

Rounding
Wnr^

Wrnd
^

Truncation 

q
j-1

Figure 5. Block diagram of the selection cir-
cuit

6 Evaluation of implementations

The critical path of the design involves the genera-
tion of the output digit and its feedback to the com-

putation of the next residual value. Compared to the
radix-2 design, the cycle time increases in the selection
function and the digit by vector multiplication. The
redundant adders used have a delay that is indepen-
dent of the radix value [8].

The DVM circuit has a delay dependent on k =
log2(r). Assuming a linear array multiplier structure
for the DVM, each time the radix doubles, the number
of signed-bit adder layers to reduce multiples increases
by one. The minimum number of layers is 1 when
r = 4. Each layer, using signed digits, increases the
delay by approximately 2TFA. The multiple genera-
tion is done by a series of signed-bit multipliers that
are implemented using 2-input multiplexers as:

cp = (xp ^ yp) _ (xm ^ y0p)

cm = (xp ^ ym) _ (xm ^ y0m)

where ^ represents the and logical operation, _ rep-
resents the or logical operation, and c = cp � cm =
x �y = (xp�xm) � (yp�ym). Conservatively, the delay
of the multiplexer circuit is considered equivalent to a
FA delay, thus tBP = tmux = TFA.

The cycle time for the pipelined implementation of
the high-radix on-line divider is:

Tcycle(r) = tmux + Ltadder + tadder + tsel
+tFFsetup + tFFprop

where L = log2(r) � 1 = k � 1 is the number of re-
dundant signed-digit adder layers in the DVM. When
using signed digits, tadder = 2TFA. With the assump-
tions already made and also considering tFFsetup � 0
and tFFprop � tFA, the equation reduces to:

Tcycle(r) = TFA+2LTFA+2TFA+(1+4k)TFA+TFA

Tcycle(r) = (6log2(r) + 3)TFA; r > 2

The total number of cycles in the division circuit
corresponds to the delay of the shift register (2 or 3
cycles, depending on the radix value) plus one cycle
for table lookup plus 3 cycles in the on-line prescaler
and 4 cycles in the on-line divider, tallying 10 to 11
cycles for on-line delay of the whole circuit. The total
number of cycles is given as:

cycles(k;m) = treciprocal + �prescal + �div +m� 1

where

� treciprocal is the time to obtain the scaling factor,
that consists in waiting for the needed number of
divisor digits (d b

k
e) plus one extra cycle to read

the short precision reciprocal from the table.
� �prescal and �div are the on-line delays of the on-
line prescaler and the on-line divider, respectively

� m is the precision of the operands in radix-r dig-
its.



Module Equiv. Gates

Append Registers 2514 10%
DVMs 16551 64%
Registers 2214 9%
Adders 3707 14%
Selection 817 3%
Other logic 17 � 0%
Total 25820

Table 1. Distribution of area among modules
of the divider (no prescaler) for radix 64

This equation reduces to:

cycles(k; n) =

�
k + 4

k

�
+ 7 +

ln
k

m

where n is the bit precision of the operands.
For radix 2, the cycle time is computed as:

Tcycle(2) = tmux + tadder + tsel + tFFsetup + tFFprop

where tsel = 7TFA (6 bits of the residual are fed into
the selection circuit). With the same assumptions
used for the higher-radix design, we obtain:

Tcycle(2) = 11TFA

The number of cycles is given as cycles(1; n) = n+
�divr2 � 1 = n+ 3.

The circuit performance �gures for di�erent values
of r is shown in Table 2. The time to perform the op-
eration is compared for operands with precision of 16,
32 and 64 bits. The time to perform on-line division
in radix 2 is also shown for comparison. Signi�cant
speedups can be obtained with the high-radix design
in comparison to the radix 2 design, for even small
precision of the operands. The circuit does not show
the maximum performance that one could expect with
the increase in the digit radix (for example, the circuit
should be twice as fast in radix 4 than it is in radix
2). This e�ect is caused by the greater on-line delay
of the high-radix on-line division circuit with respect
to the radix-2 implementation. As expected, the on-
line delay has less impact on the total time when high
precision operands are used.

To obtain the area of this design the VHDL code
was synthesized to a standard gate 1:2�mCMOS tech-
nology available via MOSIS, using Mentor Graphics.
The gate count of the design is given in terms of equiv-
alent gate, which corresponds to a 2-input NAND
gate. The cost of interconnections is not considered.

The number of fractional radix-r operand digits
that must be stored for the high-radix divider is only
dm2 e + 4. The bene�t of this reduced internal preci-
sion is more pronounced for long-precision operands

or lower radix values. For r = 64 and n = 64, the
datapath must have a precision of 10 digits (close to
the maximum of 11 digits). The area of the prescal-
ing section is 3; 272 gates plus a reciprocal table of
2b�1 = 2k+4�1 = 29 words of 10 bits. The radix-64
on-line divisor takes 25; 820 gates. The area used by
each module in the circuit is shown in Table 1. A
radix 2 implementation for the same precision would
take 4,407 gates (based on [14]). Thus, besides the
table, the high-radix design using r = 64 and n = 64
bits would take 6.6 times more logic, with an increase
in speed of 3.35.

This design is scalable to other higher radices. A
preliminary study indicates that the cost of a high-
radix on-line divider grows logarithmically with re-
spect to the radix for �xed precision, and linearly with
respect to precision for a �xed radix.

6.1 Variable Long Precision Computation

The use of on-line division is more attractive when
the precision increases. The impact of the on-line de-
lay is minimized and the precision required to per-
form the computation is reduced in respect to a con-
ventional implementation. As presented before, only
dm2 e+ 4 digits for internal precision would be enough
to compute the result with m digits of precision.

If the internal precision is mmax < m, it is possi-
ble to have extra registers to extend the capacity of
the limited precision data path. Some registers would
be used as latches to propagate carries from one cycle
to another. Other registers would be used as queues
(register �le) that increase the precision of the ap-
pend registers and residual register. Using the on-line
method we can gracefully bring extra digits to the lim-
ited precision datapath as needed. Figure 6 shows a
high-level block diagram of this approach. Each regis-
ter in the Register Files has a precision of mmax dig-
its. The sections of operators with precision mmax

are represented in the Figure by boxes with a marked
corner. To execute the division operation for a preci-
sion m over a data path with precision mmax, where

p = d m
mmax

e, roughly p(p+1)
2 mmax cycles are required.

It is less than for a conventional design, that would
require p2mmax cycles.

7 Summary

In this paper we presented a design approach for
high-radix on-line division circuit. We studied the re-
quired conditions to have a general quotient digit se-
lection function for radix greater than 2, and also gave
details of the corresponding implementation. The de-
sign is easily applied to a particular radix without the
need to reevaluate convergence conditions. Estimates
of the cycle time were presented, as a function of the
full-adder delay, and the speed of implementations for
several radices were compared to the radix 2 design.
The results show that signi�cant speedups can be ob-
tained at the cost of more area. For the particular



Radix Cycle time k Number of Cycles Total Time Speedup
Operand's Prec. Operand's Prec. Operand's Prec.

#TFA 16 32 64 16 32 64 16 32 64

2 11 1 19 35 67 209 385 737 - - -
4 15 2 18 26 42 198 286 462 1.06 1.35 1.60
8 21 3 16 21 32 176 231 352 1.19 1.67 2.09
16 27 4 13 17 25 143 187 275 1.46 2.06 2.68
32 33 5 13 16 22 143 176 242 1.46 2.19 3.05
64 39 6 12 15 20 132 165 220 1.58 2.33 3.35

Table 2. Comparisons with radix 2: cycle time, total time, and speedup
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Figure 6. Long-precision organization of the
high-radix divider

case of r = 64 and n = 64 a speedup of 3.35 was es-
timated for a an increase in area of about 6.6 times,
plus a 512� 10-bit table for the prescaling factors.

The design of the high-radix on-line divider were
described in VHDL, compiled, simulated and synthe-
sized using Mentor Graphics tools. The VHDL de-
scription has parameters that allow the implementa-
tion of dividers with any radix and precision.
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