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Abstract

This paper introduces the Interval Logarithmic Number
System (ILNS), in which the Logarithmic Number System
(LNS) is used as the underlying number system for interval
arithmetic. The basic operations in ILNS are introduced
and an efficient method for performing ILNS addition and
subtraction is presented. The paper compares ILNS to Inter-
val Floating Point (IFP) for a few sample applications. For
applications like the N-body problem, which have a large
percentage of multiplies, divides and square roots, ILNS
provides much narrower intervals than IFP. In other ap-
plications, like the Fast Fourier Transform, where addition
and subtraction dominate, ILNS and IFP produce intervals
having similar widths. Based on our analysis, ILNS is an at-
tractive alternative to IFP for application that can tolerate
low to moderate precisons.

1. Introduction

Floating-point arithmetic is the dominant choice for sci-
entific and graphics applications; however, other alterna-
tives exist. These alternatives are desirable for niche ap-
plications that have special requirements. An alternative
with very similar properties to floating point is the Logarith-
mic Number System (LNS), which can be more cost effec-
tive for applications that require low-to-moderate precision.
Advantages of LNS include: low power consumption [23],
efficient matrix operations [8], and low-cost multiplies, di-
vides, powers, square roots, etc., all of which are useful in
massively parallel scientific simulation [19].

Interval arithmetic is an alternative used instead of con-
ventional floating point to give reliable bounds on roundoff,
approximation and inexact-input errors. Interval arithmetic
is often used in scientific code to explore the effect of mea-
surement error on the final result of a computation. For ex-
ample, astronomical applications of interval arithmetic have
included calculating the effects of experimental error to ob-

tain Newton’s gravitational constant to a higher degree of
accuracy [12], and analyzing the stability of solar systems
[15].

This paper proposes combining LNS and interval arith-
metic. To the authors’ knowledge, this combination of in-
terval arithmetic and LNS has not been studied previously.
This may primarily be due to the perception that interval
arithmetic, which is often used for high-precision applica-
tions, is incompatible with the low or moderate precision
applications where LNS offers significant advantages. We
have identified at least two applications (the N-body prob-
lem [19] and computer graphics [29]), where this combi-
nation of interval arithmetic and LNS arithmetic may of-
fer significant advantages. ILNS is especially attractive in
application-specific systems that allow for specialized hard-
ware designs. The simple algorithms chosen in this pa-
per to illustrate the benefits of ILNS frequently are im-
plemented using application-specific systems, rather than
general-purpose processors. Future research will investi-
gate algorithms that use interval arithmetic to achieve con-
vergence by interval methods, and the advantages that ILNS
yields for them.

The remainder of this paper is organized as follows. Sec-
tion 2 gives an overview of LNS. Section 3 discusses inter-
val arithmetic and shows how LNS arithmetic can be used
to implement interval LNS. Section 4 describes routines that
are used to simulate algorithms with conventional and loga-
rithmic interval arithmetic. Section 5 describes how various
algorithms perform using these two arithmetics. Section 6
discusses an implementation of the proposed system. Sec-
tion 7 summarizes the effects observed in the simulations
and gives conclusions.

2. The Logarithmic Number System

LNS represents a real number, � , using a sign bit,
sign ����� , and the fixed point, base- � logarithm of the abso-
lute value of that real number, such that ��
	 round ���������� ��� ,
mode � , rounded using some mode (e.g., towards nearest,



towards ��� , or by special LNS modes [4]). The represen-
tation of a quotient, � , is simply the difference of the log-
arithms ( �� 	 ���� �� ) and the exclusive OR of the sign bits
(sign ��� � 	 sign ��� �	� sign � � � ). A similar approach holds for
products by adding logarithms and for square roots by right
shifting the logarithm. When the operands are exact and the
results do not overflow, the LNS product or quotient is ex-
act, because only fixed point operations are involved on the
logarithms. This is an advantage compared to floating point,
where only a small subset of products and quotients of ex-
act operands produce exact results. For example, if � 	�

with the inputs � 	��� and � 	�������� 
 , we have �� 	�� ,
sign ����� 	�� , �� 	�������� and sign � � � 	�� , which are exact
representations. The quotient, � 	��� 
 , is represented as
�� 	���� � and sign � � � 	�� , which is an exact representation
in this base-2 LNS.

LNS addition and subtraction [14] are more complicated
and their results are seldom exact. Addition can be rewritten
as:

�"! � 	 �$# �%�&! �'� � �(� (1)

The advantage of (1) is that a function of two variables
( �)! � ) has been reduced to a function of one variable (in-
crement of the quotient). In order to increment with LNS,
the hardware needs an implementation of the addition log-
arithm, *

� ��+ � 	 ���� � �,�-! �(. � (2)

and (for applications involving adding numbers of opposite
signs) the subtraction logarithm,/ � � +�� 	 �  � � �0�1� � . �0� (3)

From (1), when the signs of the operands are the same,

���� � � ���2! � � � � 	 ���� � � � � � # �%�&! � � � � � � � � �
	 �� ! ���� � �%�&! �43 5687 59(: �
	 �� ! *

� � ��;� �� �<� (4)

When the signs of the operands differ, a similar approach
holds:

���� ��� ���8� � � ����	 �� ! / � � ��=� �� �<� (5)

The result of
*
� or

/ � must be rounded in some way [4] to
make it representable in the finite � 	>
 LNS.

For example, � 	 �� and � 	 �����?� 
 , gives
��@� �� 	A����� and sign ����� = sign � � � , Thus,

*�B
� ������� 	��� C�
D
��2E��GF��4C�
D��
G
��H�I� , which must be rounded. The com-

puted result of (4), ����
B
� � � ��! � � � � 	J�������$! * B

� �������;K���I�4
D
��H�I�LK ����
B
�����MG�?M��H�I� � , is only an approximation of the

exact value �  �
B
��N!O�8� � 
 � .

3. Interval Arithmetic

Interval arithmetic specifies a precise method for per-
forming arithmetic operations on intervals [21]. An

interval-arithmetic operation takes intervals as input
operands and produces an interval as the output result. The
output interval is defined by lower and upper endpoints,
such that the true result is guaranteed to lie in this inter-
val. The width of the interval (i.e., the distance between the
two endpoints) indicates the accuracy of the result or the
certainty with which the result is known.

Interval arithmetic is implemented by using some under-
lying real number system and its associated arithmetic op-
erations. For example, the underlying real number system
could be exact rationals (as available in LISP) [27] that re-
quire an unbounded amount of memory per number. In this
case, the resulting intervals are as narrow (precise) as the
algorithm (involving the four basic operations on intervals)
allows for the given inputs.

More commonly, the underlying real number system is
chosen to be one that is easier to implement in hardware.
Often, such systems have a constant, rather than unbounded,
datum size that is determined when the hardware is fab-
ricated (i.e., the word size). For example, the fixed-point
number system has the advantage that overflow-free addi-
tion and subtraction are exact using simple integer ALUs,
but suffers from the fact that roundoff error occurs for multi-
plication and division. Another disadvantage of fixed point
interval arithmetic is its limited dynamic range [24].

Although specialized hardware for variable-precision
floating-point interval arithmetic [26] has been suggested,
the most common number system for implementing inter-
val arithmetic has been conventional floating point, as ex-
emplified by the IEEE-754 standard [13]. This paper refers
to this implementation as Interval Floating Point (IFP). A
description of IFP and its implementation using IEEE-754
arithmetic is provided in [11]. IFP offers greater dynamic
range than interval fixed point for the same constant word
size, but suffers from roundoff errors, in many cases, for all
four basic arithmetic operations (+, -, *, /).

This paper introduces the Interval Logarithmic Number
System (ILNS), which uses LNS to perform interval arith-
metic. LNS has approximately the same dynamic range
as floating point, but LNS has the advantage that roundoff
never occurs in the operations of multiplication and divi-
sion. This suggests ILNS may offer interval widths closer
to the theoretical minimum for the same constant word size
as IFP. ILNS is most useful for applications that need low-
to-moderate precision and that have a predominance of mul-
tiplications, divisions, square roots and other powering op-
erations. Although only a subset of applications meet these
criteria, for those that do, ILNS may offer significant advan-
tages.

Interval arithmetic was originally proposed as a tool for
bounding roundoff errors in numerical computations [21].
It can also used to determine the effects of approximation
errors and errors that occur due to non-exact inputs [1]. In-



terval arithmetic is especially useful for scientific computa-
tions, in which data is uncertain or can take a range of val-
ues. For example, Kreinovich and Bernat have used inter-
val arithmetic to investigate the stability of the solar system
[15].

In the discussion to follow, intervals are denoted by capi-
tal letters and real numbers are denoted by small letters. The
lower and upper endpoints of an interval � are denoted as
��� and ��� , respectively. As defined in [21] and [1], a closed
interval � 	�� ����� ���
	 consists of the set of real numbers
between and including the two endpoints � � and � � (i.e.� 	�� �� � ��� � � � ��� ). An real number � is equivalent
to the degenerate interval � ��� ��	 .

The ILNS representation, �� , of an interval ��� � is
itself an interval involving the fixed-point logarithmic rep-
resentations of the endpoints: �� 	����� � � �� � 	 . When an al-
gorithm allows � ��� � , the ILNS representation must also
include sign ��� � � and sign ��� � ).

The width and midpoint of an interval � are defined as:

width ��� � 	 � � � � � (6)

midpoint ��� � 	 ��� � ! � � �	�G
 (7)

The endpoints of a result interval may not be repre-
sentable in the underlying number system. In this case, the
endpoints have to be rounded outwards: the lower towards� � , which is denoted as � � � , and the upper towards !�� ,
which is denoted as � � � . This guarantees that the true result
is still contained in the new interval, but introduces an unde-
sired uncertainty, by making the interval wider, as defined
by (6).

Conventional interval addition and subtraction are de-
fined as [21]:

��!�� K�� 	 � � ��� � ! � � � �!� ��� � ! � � �"	 (8)

����� K�� 	 � � ��� � � � � � � � ��� � � � � �"	 (9)

The ILNS implementation of addition is:

�� 	#� �� � !$� �&% � � �� � � �� � � �'���� � !(� �)% � � �� � � �� � � �"	"� (10)

where % � is either
*
� or

/ � , depending on whether sign ��� � �
= sign � � ��� . Likewise, %*� is either

*
� or

/ � , depending
on whether sign ���+��� = sign � � � � . Certain algorithms, like
Euclidean-distance calculations, guarantee positive signs,
and therefore %,� 	�%,� 	

*
� .

Conventional interval multiplication [21] is defined as:

� # ��K-� 	.�/� ��02143 ����� � �5� ��� � ��� �+� � �5� �+� � ��� � � (11)

� ��076*8 ����� � �5� ��� � ��� ��� � �5� �+� � ��� �"	 �
Alternatively, the interval endpoints of � and � that give

the correct interval product can be determined by examining
their sign bits. Since when � � �@� , � � must also be positive,

there are three possible cases for sign ��� � � and sign ��� � � This
results in a total of nine cases [22]. With this technique,
only two multiplications are required, unless both � and� cross zero. Note that unlike IFP, ILNS does not require
rounding since it is implemented using addition.

Interval division is defined as:

� �9� K:� 	#�/� ��021;3 ��� � � � � � � � � � � � � � � � � � � � � � � � �'� (12)

� �<026*8 ��� � � � � � � � � � � � � � � � � � � � � � � � �5	
if � does not contain zero. Again, this can be implemented
with no rounding in ILNS, since division is implemented
by subtracting logarithms. If � contains zero, the resulting
interval is infinite. To allow for division by an interval that
contains zero, extended interval arithmetic is required [10].
Extended interval arithmetic specifies results for division by
an interval that contains zero and for operations on plus and
minus infinity, as provided by IEEE-754 [13]. ILNS can be
extended to deal with this in an analogous way [2]. Like the
product, each endpoint of the quotient can be determined by
a single division after examining the sign bits [21].

Interval arithmetic is also defined for the elementary
functions. If an elementary function %������ is monotoni-
cally increasing on � 	=� ����� ���
	 , the resulting interval is%���� � 	>� %��������'�?%����+� �"	&K>� � �)%�������� � � � �&%������ � �"	 . For ex-
ample, when ���A@ � , the square-root function can be com-
puted as � � KB� � � � ��� � � � � � ��� �"	 � (13)

4. Interval Arithmetic Emulation

To investigate the numerical differences between ILNS
and IFP, a library of basic interval operations was written
for ILNS and IFP addition, subtraction, multiplication, di-
vision, and square root. Algorithms using this library per-
form each arithmetic operation on interval data. The under-
lying number representation chosen greatly affects interval
results, since every time an endpoint of a result cannot be
exactly represented, it must be rounded. The frequency of
this rounding and the size of the roundoff error determine
the width of the interval results.

The IEEE-754 standard [13] for floating point represents
values in a 32-bit single-precision format, where the MSB
is the sign bit (sign ��� � ), the following eight bits represent
the exponent ( C ), and the remaining 23 bits represent the
mantissa ( D ). The mantissa is a fixed-point value, with a
binary point to the left of the mantissa and an implicit 1 to
the left of the binary point. The value, � , represented by the
IEEE-754 single-precision format is:

�
	 �%�1� 
 sign ����� �,

E 7GF
B?H
�,�-!ID � � (14)

except in the subnormal region. The maximum roundoff
error in FP is given byJ!KML 	>

E 7GF

B?H # 
 7 BON
	>
PE 7MF�QOR � (15)



which is relative to the exponent, but not to the mantissa.
Thus, the maximum relative error increases as the mantissa
decreases.

The selected LNS implementation also uses a 32-bit for-
mat. The base is 2, the MSB is the sign bit, and a 31-bit
fixed-point exponent � follows it. The first 8 bits in the ex-
ponent are the integer part, and the last 23 bits come after
the binary point. This allows a similar dynamic range and
also similar accuracy [4] compared to single-precision float-
ing point. The value, � , represented by the LNS format is

�
	 �%�1� 
 sign ��� � �,
 � 7GF
B��

� (16)

where in the notation of the previous sections, the LNS
representation is �� 	 ��
G ��� and sign ��� � . (16) provides
constant relative precision. The maximum roundoff error is
given by

J��	��
 	 
 � 7MF
B��
� 


B�����
� � � K 
 � 7MF�Q F�� Q � (17)

which is proportional to the value of � . The value zero is
considered a special case, and is represented with a reserved
value. When zero is used in an operation, it is detected
and the result is exact. Denormal and infinite values, al-
though possible in LNS [2], were not implemented for this
research.

Emulating IFP operations is straightforward. The IEEE-
754 compliant FPU in any modern general-purpose proces-
sor allows setting the rounding mode toward !�� or � � ,
as required by the interval operations.

To emulate an LNS ALU, LNS values are stored using
the 32-bit sign and exponent representation. Multiplication
and division are exact (unless overflow occurs) and can be
implemented with the simple fixed-point addition or sub-
traction of the logarithmic representations. Operations that
are not exact require outward rounding. Assuming an exact
representation of the logarithm of the absolute value of the
result (which, in general, would require infinite precision),
the result is truncated to 23 bits. Positive values rounded
toward !�� and negative values rounded toward � � need
to have 
 7 B?N

added to the truncated logarithm. This is ac-
complished by adding 1 to the LSB, to produce the cor-
rectly rounded result. In the remaining cases, truncation is
enough. The assumption of an exact result is justified for
each operation in the next two paragraphs.

In LNS, the square root is equivalent to dividing the ex-
ponent by 2, and is therefore implemented using a 1-bit
right shift. The exact result can be represented with just
one extra precision bit. There is a 50% probability that the
endpoints for (13) are exact and do not require rounding.
Rounding is straight-forward, since only the the single bit
that was shifted out and the rounding direction need to be
examined.

Addition and subtraction in LNS are more complicated.
Of the steps in (4) and (5), only the computations of

*
�

and
/ � are subject to roundoff errors. To compute the re-

sult, (2) and (3) are computed as shown. In the ILNS li-
brary routines, the separate steps involving exponentials and
logarithms in (2) and (3) are computed in double-precision
floating point, and the final result is rounded as required
(depending on which interval endpoint is being calculated).
Double precision is sufficiently more accurate than the pre-
cision used for the simulation that such double-precision re-
sults rounded towards !�� or � � should form the correct
interval: � � �

*
� � + � � � � � �

*
� � + � � �"	 1. In practice, some hard-

ware implementations may reduce the precision with which
(2) and (3) are calculated, and force over-approximation
or under-approximation, as required to guarantee a cor-
rect interval result. The straightforward implementation us-
ing double precision indicates the maximum improvement
when switching from IFP to ILNS.

To complete the interval support, it is necessary to de-
fine how a value is assigned to an interval variable so that
it can be used with the interval functions. The assignment
converts the value to the number representation being used
(FP or LNS). If it has an exact representation, then the in-
terval has zero-width, as in � 	 � �
� �'	 , which has an exact
representation in both FP and LNS. If the value cannot be
represented exactly, the nearest upper and lower exactly-
representable values are used as the endpoints for the gen-
erated interval.

5. Algorithm Comparison

The algorithms chosen to compare the width of result
intervals for IFP and ILNS illustrate the viability of using
ILNS as an alternative for IFP in certain real-world ap-
plications. Due to the nature of the representation, ILNS
has the greatest advantage for algorithms that make exten-
sive use of multiplications, divisions, squares and square
roots. These include the proposed target applications, such
as gravity-force computation in astronomical simulations or
normalized-distance calculation for graphics applications.
It is also shown that ILNS produces interval widths that are
comparable to IFP for other important algorithms, such as
the Fast Fourier Transform, where the number of multipli-
cations and divisions is significantly less than the number
of additions and subtractions.

5.1. Fast Fourier Transform

The Fast Fourier Transform (FFT), which has been im-
plemented successfully using LNS [28], is a very im-
portant algorithm in digital signal processing (DSP), due
both its usefulness in changing from the time-domain to

1Based on data presented in [25], this seems likely to be true, but we
have not yet had a chance to verify it.



the frequency-domain and to its optimized implementation.
The FFT requires significantly fewer multiplications than
additions, which would seem to favor IFP over ILNS.

The selected implementation is a 32-point, real-input,
decimation-in-frequency FFT. The FFT algorithm has five
radix-2 stages, after which bit-reversing is applied to the
outputs. The complex values involved in the computation of
the FFT are represented with a real and an imaginary com-
ponent. Each of these components is an interval defined by
its two endpoints.

Two experiments involving different inputs are pre-
sented. The first experiment uses a sinusoidal wave of am-
plitude 10, plus white noise of amplitude 0.5. The second
uses a square wave, also with an amplitude of 10, and the
same noise. Both are real-valued inputs, in which the imag-
inary part of each complex input interval is set to zero. The
frequency of both waves is 1.0. Although there is a ran-
dom component involved, the randomly generated values
are stored, and identical inputs are supplied to the IFP and
ILNS FFT algorithms. Both the input values and the twid-
dle factors are generated as double-precision FP numbers.
These values are then transformed into intervals with 32-bit
endpoints. The width of these intervals depends on the cor-
responding number system, IFP or ILNS, as is explained in
Section 4.

The simulation is executed 10,000 times on noisy input
waves. Thus, for each input sequence, there are 10,000 FFT
computations, producing 320,000 points, each consisting of
two intervals ( � C and �
D ) that are defined by two endpoint
values. The outputs vary between simulation runs due to the
spectral components introduced by the noise signal.

To establish a fair comparison, we take into account that
roundoff errors introduced in the interval calculations are
relative to the number being represented, as shown in Sec-
tion 4. The relative width of each interval is defined as

width � E � ��� � 	 width ��� �
midpoint ��� � � (18)

where width ��� � is computed using (6) and midpoint ��� �
is computed using (7). This is adequate for algorithms in
which catastrophic cancellation (i.e., subtraction of similar
values, yielding an inaccurate result close to zero) does not
occur. In the FFT, however, this problem exists, since inter-
vals whose endpoints surround zero may produce extremely
large relative errors, and mask the behavior of the other out-
puts.

Therefore, the selected measure is the ratio of the IFP
and ILNS output interval widths for the same input. The
ratio obtained is a measure of how much better ILNS per-
formed for a particular output (i.e., how much wider the IFP
output is than the ILNS output). Although the ratios for ev-
ery interval are comparable, they can be slightly misleading,
since a ratio of 0.125 has the same relevance but in the op-
posite direction as a ratio of 8. Therefore, the �  �

B
� � of each
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Figure 1. Logarithmic ratios (IFP/ILNS) of real
FFT components for sine and square waves.

ratio is calculated. These measures are called the logarith-
mic ratios. This produces an intuitive result, where positive
values represent narrower intervals for ILNS, and negative
values indicate narrower intervals for IFP.

The results for the real part of the outputs are presented
in Figure 1. This graph combines the outputs of both the
sine-wave and square-wave experiments. The data pre-
sented corresponds to the maximum, minimum and mean of
the logarithmic ratios, at each output index for the 32-point
FFT. The reason for analyzing the outputs in this way is
that the 32-point FFT algorithm represents 32 different sub-
algorithms; one for each output. These outputs go through a
different number of additions and multiplications, in which
different twiddle factors are used. Outputs with the same
index, but corresponding to different periods of the input
waves, show a very similar behavior, because they are gen-
erated by the same sub-algorithm.

The outputs are ordered according to their index before
being bit-reversed, since this is helpful in analyzing the re-
sults. It is obvious that outputs with an even index (the left-
most sixteen outputs in the plot) present a lower, less vari-
able logarithmic-ratio mean. This is because these outputs
are not multiplied in the first FFT stage. The first stage is es-
pecially important, because intervals generated in it expand
in every consecutive stage. Since even-indexed FFT outputs
do not have multiplication in the first stage, ILNS and IFP
tend to produce similar intervals. Outputs in the right half
of the plot (odd indices) experience a multiplication in the
first stage and show, in general, more advantage for ILNS.
Multiplication in early stages increase this advantage. Dif-
ferences in the midpoint values of the intervals being added
cause a variability in these results that cannot be predicted
just by taking multiplications into account.



The significant observation from Figure 1 is that for the
sine- and square-wave inputs given, the mean of the log-
arithmic ratios are positive for all FFT outputs, indicating
similar or slightly better ILNS results. There is variation
in the logarithmic ratios between the different points pro-
duced by the FFT. For example, some outputs (like 1, 3 and
31) are noticeably better in ILNS, while others (like 8, 24,
9 and 25) are not. We attribute much of this variation to the
presence or absence of multiplication (which favors ILNS)
in the first stage of the FFT.

5.2. Gravitational-force computation

N-body simulation is a technique that consists of simu-
lating the evolution of a system with N bodies, where the
force exerted on each body depends on its interaction with
every other body in the system. Typical applications for this
technique are studies of astrophysical and molecular sys-
tems, where the size of the bodies (stars and molecules,
respectively) is negligible compared to the distances be-
tween them, which allows bodies to be represented by sim-
ple points in a 3-D space.

In astrophysical N-body simulation, the trajectories of
stars are calculated by integrating the force (accelera-
tion) due to gravitational interaction. One straightforward
method is to calculate, for each star, the component due to
each other star present in the simulation. This is accom-
plished by evaluating the expression

���� 	
��
��� F

�� � � �� �
�	�

B
� � ! J B �

N�
 B � (19)

where
�� � is the gravitational acceleration at the position of

particle � , �� � is the position of particle � , � � � is the distance
between particles � and  , and J is the artificial-potential
softening used to suppress the divergence of the force as� � ��� � [19]. The � -coordinate terms in

�� � are calculated
as �

���
B

! � B
! +

B
! J B �

N�
 B � (20)

where
�� � � �� � 	 ����� � ��+ � is computed in fixed point and

then � , � and + are converted to LNS. This approach is used
in the GRAPE-3 processor designed by Makino [19]. Equa-
tion (20) is used in this paper to compare the interval widths
obtained when using IFP or ILNS. In a complete system,
the final addition of every gravity vector exerted on a given
body should be taken into account. The whole N-body al-
gorithm has not been implemented for this paper due to its
complexity; however, note that the result of operations on
intervals of non-minimum width is much more dependent
on the widths of the inputs than on the associated round-
ing. Therefore evaluating equation (20) is considered sig-
nificant.

The abundance of squares in (20) suggests ILNS will
show a clear improvement over IFP. To test this, (20) is ex-
ecuted 100,000 times using both IFP and ILNS. The set of
inputs, � , � , + and J , are generated randomly for each com-
putation. The variables � , � , and + take values from � ��� � �
and the error variable J takes values from � ���	��� �D��� � (to re-
flect the smaller magnitude it usually has). This produces
two sets of 100,0000 output intervals, one for each number
representation. These outputs are similar to the calculations
in one step of an N-body astrophysical simulation, where
100,000 stars are uniformly distributed in a normalized tri-
dimensional cube.

To compare results when the inputs are not as narrow
as minimum-width intervals, a similar experiment was con-
ducted which increases the width of the input intervals. A
new value ��� was generated for input � as

� � 	 �"! � # 
 7 BON�� � 	 ���,�-!@
 7 B?N�� � � � (21)

and the endpoints of the interval were obtained by rounding
� and ��� to the selected 32-bit number representation. This
created input intervals with an approximately constant rel-
ative width of 
 7 B?N�� � (it is not perfectly constant because
of rounding).

Input Intervals Output Logarithmic Ratio
mean ��� Max Min

W = 0 0.676 0.043 1.508 -0.273
W = 1 0.395 0.032 2.036 -0.322
W = 2 0.234 0.010 0.909 -0.410
W = 3 0.130 0.003 0.469 -0.118
W = 4 0.069 0.001 0.246 -0.048
W = 5 0.035 0.000 0.126 -0.036

Table 1. Logarithmic-ratio statistics for the
gravity equation with 100,000 sets of random
inputs.

The comparison between IFP and ILNS output
data sets was performed using the logarithmic ratio
( ����

B
� IFP/ILNS � ). Statistical analysis was performed on

the logarithmic ratios, and the results are shown in Ta-
ble 1. As explained above, the experiment was repeated
for minimum-width input intervals, with � 	>� , and wider
input intervals, with � ranging from 1 to 5. Since this algo-
rithm only adds positive numbers, catastrophic cancellation
never occurs. Statistics obtained using relative widths as
defined in equation 18 agree with these results.

Table 1 shows that ILNS produces narrower intervals.
Using the logarithmic ratios, the mean for minimum-width
inputs is 1.598 ( K 
 R � �

H �
) times wider for IFP output in-

tervals than it is for ILNS output intervals. Calculating the
ratio with the mean of the relative widths, the value obtained
is 1.606. This is nearly a 60% wider FP interval on average,
showing a very important advantage to using ILNS. Also
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Figure 2. Absolute frequency of the logarith-
mic ratios of the gravity equation for various
input interval widths.

relevant is that the difference between ILNS and IFP de-
creases with an increase in the width of the input intervals.
This is expected, as the width of the input interval, which
is equal for both number representations, becomes the most
important factor for the width of the output interval. The
interval widening due to roundoff errors, where ILNS gets
its advantage, become less and less relevant. This effect is
summarized in Figure 2, which shows the graph for each
input interval width. For minimum-width inputs ( � 	 � ),
the logarithmic ratios present a Gaussian-bell-like distribu-
tion around 0.676. As the widths of the input intervals in-
crease, the mean moves toward zero and measures are more
concentrated around zero, as IFP and ILNS become almost
equivalent.

5.3. Normalized distance computation

Calculating normalized distances is a common opera-
tion in graphic applications. It consists of normalizing each
component of a position vector,

�� , by dividing it by � �� � . This
computation is similar to the one considered in Section 5.2,
and again the normalization of only one component is sim-
ulated, since components are random and it does not matter
which component is calculated. The equation that is evalu-
ated is

����� ��� 	 �
���

B
! � B

! +
B
� F

 B � (22)

where
�� 	 ����� � ��+�� . Values for � , � and + are randomly

selected from the interval � ���2� � .
Equation (22) is similar to (20), yet there are important

differences in the results. We performed the same analy-
sis as in Section 5.2, and the results are presented in Ta-
ble 2, with the simulation repeated for several input interval

widths. The data show a behavior similar to Table 1, except
the mean of the logarithmic ratios increases from 0.676 to
0.903 for minimum-width intervals. (22) favors ILNS over
IFP more than (20), since (20) has three additions, rather
than two.

Input Intervals Output Logarithmic Ratio
Mean � � Max Min

W = 0 0.903 0.083 1.736 -0.269
W = 1 0.499 0.041 1.494 -0.281
W = 2 0.297 0.016 0.878 -0.212
W = 3 0.164 0.006 0.459 -0.130
W = 4 0.086 0.001 0.222 -0.095
W = 5 0.044 0.000 0.119 -0.043

Table 2. Logarithmic-ratio statistics for the
normalized distance equation, for 100,000
sets of random inputs.

Relative widths for each set of input interval widths, both
for ILNS and IFP, again agree with the logarithmic ratios.
These data show a similar behavior as (20) in Section 5.2,
only with a larger difference in favor of ILNS. The out-
put interval width increases by a factor of approximately
2 when � is incremented, showing how the input width
directly impacts the output width.

6. Implementation

As described earlier, ILNS multiplication, division,
squaring, and square root are trivial to implement using sim-
ple fixed-point circuits. For very limited-precision ILNS
systems, direct lookup of � �

*
� � + � � � and � �

*
� � + � � � from

precomputed ROMs is possible.
Daumas and Matula [9] have studied rounding of ele-

mentary functions in floating point. Their method involves
the introduction of extra flags in the floating-point ALU for
correct directed rounding and faithful rounding. Although
such an approach could be used to obtain � �

*
� ��+ � � � and� �

*
� � + � � � , the cost may be excessive.

Many approximations have been proposed in the conven-
tional LNS literature, some of which support high precision
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Figure 3. Linear-Taylor Interpolation.
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Figure 4. Linear-Lagrange Interpolation.

[7]. One way to approximate
*
� ��+ � that supports moderate

precision is unpartitioned linear interpolation [6]:*
� ��+ � K *

� ��+�� � !�����+�� � # + � (23)

where + � is the low portion of + such that � � + � � �
,+ � is the high portion of + such that + � � + � + � !�

, and � � + � � is the slope for the line used in that linear-
interpolation region. The pre-computed values of � � + � � and*
� ��+ � � can be stored in ROMs that require ��!�� address

bits each, where � is the number of bits for the integer part
of the +�� bus, and � is the number of bits for the fractional
part of the +�� bus. The term unpartitioned here means

� 	
 7 �
is the constant distance between tabulated points, in

contrast to partitioned methods [16] in which
�

varies in an
effort to minimize memory.

As is apparent in Figure 3, linear-Taylor interpolation
forms a lower bound:

� �
*
� ��+ � � !���� � + � � # + � � � *

� � +�� (24)

where �	� ��+ � � 	
*	

��+ � 	A��� � � 7 . !�� � . Similarly, as

shown in Figure 4, linear-Lagrange interpolation forms a
upper bound on

*
� :*

� ��+ � � � �
*
� ��+ � � !���� � + � � # + � � (25)

where ��� ��+ � � 	 �
*
� ��+ � � � *

� ��+ � ! � � �	� � . The linear-
Lagrange method has the further advantage that the � �
memory can be eliminated when a dual-port [6] or inter-
leaved [17] memory is used to hold

*
� ��+�� � , as shown in

Figure 5. Of course, this technique only works with La-
grange interpolation.

Although two separate prior art techniques like these rep-
resented in Figures 3 and 4 could implement ILNS, this
paper proposes a novel technique that achieves the same
effect using less memory. Rather than requiring separate
memories to compute � �

*
� ��+ ��� � and � �

*
� ��+ � � � , the pro-

posed technique (illustrated in Figure 5) is able to generate
both correct upper and lower bounds from a memory that
only contains

*
� � + � � . These tabulated

*
� ��+ � � points are

stored with an additional � guard bits, making the mem-
ory size 
�

� ��� ����!�� � bits. Computing � �
*
� ��+ � � � and

z
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Figure 5. Lagrange Interpolation with Dual-
port memory.

� �
*
� � + � � � from the same dual-ported memory eliminates

about 
�
� ��� � 
�� !O
�� additional bits that would other-

wise be required to store � � ��+�� � and � � ��+�� � with the prior
approach.

In the proposed method, the values of � � � +�� � and
�	� ��+ � � are reasonably close to each other, and only need
to be computed with about � ! � bits of accuracy [4] in or-
der for (23) to produce a reasonable approximation. There-
fore, the proposed design computes ��� ��+ � � from ��� � + � � ,
which, in turn, is computed using the two values obtained
from the dual-ported memory. The key to this novel inter-
polation approach is the following relationship between the
slopes of the upper and lower bounds:

�	� � + � � ���	� ��+ � � K * 
 

� � + � � # �


 	 ��� �����	3�� � �� 3 .�� :�: � � � �!� 3 "� : �
(26)

In order to capitalize on this relationship, we use a special
property of the

*
� function [5]:

���� � �
* 
 

� � +�� � � 	>+��O� 
 # * � � +�� �L! ������ ���43 � �(� (27)

Substituting (27) into (26) we have

�	� ��+ � ���#�	� � + � � K �<. � 7 B
$ � � 3 . � : � � � �%�	3&� ' � :

�
� � �%�	3 "� : � (28)

For � 	 
 , � � ��+�� ���(� � ��+�� � K 
 6 � where � K +����
 # * � ��+�� � � �)� ! �D����� which can be implemented to suffi-
cient accuracy using two �)� !*� � -bit adders. Furthermore,
Mitchell’s method [20] can approximate the base-two an-
tilogarithm to sufficient accuracy (4 bits) as

� � ��+�� � ��� � � +�� � K 
 int 3 62: �,�&! frac ��� � � (29)

using only a �)� !�� � -bit shifter. Thus, a small amount of
extra logic allows the same dual-ported memory to be used
for computing the upper and lower bounds.

7. Conclusions

Sections 5.1 to 5.3 show the comparison between the in-
terval widths obtained with IFP and ILNS for three algo-
rithms. For gravity-force calculations in N-body simula-
tion, ILNS improves the interval widths over IFP. IFP pro-
duces intervals an average of 60% wider, and the worst-case



relative interval width is roughly 2.5 times wider in IFP in
our experiments. These facts support the decision to imple-
ment ILNS for applications where the proportion of multi-
plications and squares is high. The advantage of ILNS is
even more pronounced in the normalized distance calcula-
tion, primarily due to fewer additions in the algorithm.

The FFT algorithm is not favorable toward ILNS, be-
cause of the low number of multiplications compared to ad-
ditions, and the poorer representation that ILNS provides
for twiddle factors. Furthermore, it appears the truncation
required by ILNS is inherently inferior to the truncation re-
quired by IFP [18]. Despite these limitations, it has been
shown that, on average for typical inputs, the FFT interval
results are narrower with ILNS, although a particular inter-
val output may be wider.

Implementation of multiplication, division and square
root are significantly cheaper and faster in ILNS than in IFP.
Addition and subtraction are more dificult. All but low-
precision LNS implementations require table lookups and
interpolation to implement addition. This is also the case
for ILNS, but a naı̈ve implementation would require sep-
arate memories for the upper and lower bounds of the

*
�

function. This paper has proposed a novel method to imple-
ment these upper and lower bounds using no more memory
than required for a non-interval LNS.
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