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Abstract

Studying floating point arithmetic, authors have shown
that the implemented operations (addition, subtraction,
multiplication, division and square root) can compute a re-
sult and an exact correcting term using the same format
as the inputs. Following a path initiated in 1965, many
authors supposed that neither underflow nor overflow oc-
curred in the process. Overflow is not critical as this kind
of exception creates persisting non numeric quantities. Un-
derflow may be fatal to the process as it returns wrong nu-
meric values with little warning. Our new conditions guar-
antee that the correcting term is exact when the result is a
number. We have validated our proofs against Coq au-
tomatic proof checker. Our development has raised many
questions, some of them were expected while other ones were
surprising.

1 Introduction

It was recognized in 1991 [2] that the most widely
used algebraic operations of floating point arithmetic
can return an exact correcting term provided the same
floating point format is used for the inputs, the result
and the correcting term. First results on a similar sub-
ject were probably presented in 1965 [11, 16] as tech-
niques to enhance precision for additions and accu-
mulations.

As the IEEE 754 and 854 standards [21, 4] spread
the use of correct rounding modes including round-
ing to the nearest floating point value, rationales were
studied for the four mentioned operations leading to
a generic theorem such as the one below.

Result 1 (Adapted from Bohlender et al, 1991)
Let F be the set of real numbers represented with the

defined floating point arithmetic and let ⊕, 	, ⊗, �, ◦(√·)
be the implemented addition, subtraction, multiplication,
division and square root rounded to the nearest floating
point value. Provided neither underflow nor overflow
precludes a dependable behavior, an exact correcting term
that is known to belong to F can be defined as follows from
inputs x and y and the result,

Result Correcting term
x ⊕ y x + y − x ⊕ y
x 	 y x − y − x 	 y
x ⊗ y x × y − x ⊗ y
x � y x − (x � y) × y
◦(√x) x − (◦(√x))2

The correcting term is still in F if we use a directed round-
ing mode for the multiplication ⊗ and the division �.

The fact that many authors have overlooked con-
sequences of an overflow or an underflow in their re-
lated work [6, 13, 2, 19], may have arisen from an in-
adequacy of the existing formalisms to build a tight
condition for underflow to be harmless. We will see
in this text that an error may occur even when neither
inputs nor the result are subnormal numbers.

A sufficient condition to be able to define an exact
correcting term is that the exact error lies above the
gradual underflow threshold as we will see in the con-
clusion of this text. This is not a necessary condition.
We will present examples and counter examples in the
text to show that all our conditions are both sufficient
and tight.

In the process of giving tight conditions for Result 1
to be correct even when underflow occurs, we have
isolated a very surprising situation. In an intuitive de-
duction, the rounded result r is the most significant
part of the exact result and the correcting term e is
a remainder. It is easy to jump to a conclusion that
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|e| must be significantly smaller than |r| in additions,
subtractions and multiplications, and smaller than |x|
in divisions and square roots. We have exhibited cases
were |e| is close to |x|. Exploring the directed rounding
modes, we have found cases where |e| is significantly
larger than |x|.

All theorems presented in this text have been de-
veloped with a strong focus on genericity. The radix,
the number of significant digits of the mantissa, the
underflow threshold and the rounding mode used are
parameters possibly set in the hypotheses. Jumping
to the conclusions of this text, we have no restriction
on the radix provided it is an integer greater than or
equal to 2 and no restriction on the number of digits of
the mantissa provided once again it is greater than or
equal to 2. The tie breaking mechanism when round-
ing to the nearest has no effect on our theorems and
can be even, odd or use any combination. However,
precise rounding to a nearest floating point number is
necessary for additions and square roots.

Following Section 2, discussing our formalism and
rounding, we present results with increasing difficulty
on multiplications (Section 3), additions and subtrac-
tions (Section 4), divisions (Section 5), and square
roots (Section 6). As our question is easily connected
to the correct behavior of the remainder (FPREM) op-
eration defined by the IEEE standard, we have built a
machine-checked proof of this fact in the last section of
this text, answering a question raised in 1995 [15] (Sec-
tion 7). All the proofs can be downloaded through the
Internet at the following address.

http://www.ens-lyon.fr/~sboldo/coq/

2 Floating point representation

Numbers are represented with pairs (n, e) that
stand for n × βe where β is the radix of the floating
point system. We use both an integral signed man-
tissa n and an integral signed exponent e for sake of
simplicity. As we use integral mantissa and expo-
nent, components have to be slightly adapted to get
the usual IEEE standard exponent and the usual IEEE
standard mantissa stored in computers.

The underflow exponent, a constant, is the lowest
exponent −emin available. We do not set an upper
bound on the exponent as overflows are easily de-
tected by other means. Mantissas are stored in signed-
magnitude format using p digits. We define a repre-
sentable pair (n, e) such that |n| < βp and e ≥ −emin.

The above definition is not sufficient to identify one
unique pair (n, e) for a represented quantity. A repre-
sentable pair is normal if β · |n| ≥ βp and it is subnor-
mal if β · |n| < βp and e = −emin. Each represented

number has one unique representation, the machine
pair, that is either normal or subnormal.

In some sense, our internal representation is similar
to the one proposed in the late 1950s [1]. However, our
approach is very different as computers only manipu-
late unique machine representations. This formalism
is used to model the numbers but not to compute on
them. Additional representations are used to state
conditions and prove theorems.

In all the following theorems, we use any represen-
tation. We do not have to use the machine representa-
tion. Our theorems are valid with subnormals but no
example use them explicitly.

Our formalism was introduced in [5] for develop-
ments using Coq proof environment [9]. Other for-
malisms of floating point arithmetic are in use with
PVS [15, 10], HOL [3, 8] or ACL2 [18]. Using Curry
Howard isomorphism, Coq and HOL rely on a very
small inference engine to check the correctness of
proofs. Although Coq and HOL lack many automatic
techniques implemented in PVS or ACL, they allow
users to safely explore properties of a system.

Most available general purpose processors have
long been compliant with the IEEE 754 standard on
floating point arithmetic. It means that they imple-
ment precise rounding for the four arithmetic oper-
ations: addition, multiplication, division and square
root. The result obtained for any of these computer
operations is the one given by using a user-chosen
rounding function on the result of the exact mathe-
matical operation. The standard specifies four round-
ing functions: rounding to the nearest with the even
tie breaking rule, rounding up, down or toward 0. The
rounding functions and the arithmetic operators are
defined and used in our formalism.

3 Multiplication

Concerning the question raised in this paper, the
multiplication is most probably the simplest opera-
tion. This fact was recognized early and IBM S/370
has a special instruction to produce the rounded prod-
uct and the exact correcting term [12].

An algorithm has long been developed and tested
to compute these pairs with only IEEE standard oper-
ations [6, 13] although it relies on some developments
on the addition presented Section 4. The task of pro-
ducing the two quantities is much simpler with a com-
puter that provides a full accuracy fused multiply and
accumulate operator such as with Intel IA64 [14].

The following theorem is based on some early de-
velopment of our project.
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Theorem 2 (RepMult_gen in FroundMult) Let ⊗
be the implemented multiplication rounded to a nearest
floating point value or with a directed rounding mode.
Given inputs x and y such that x ⊗ y is neither an infinity
nor a NaN, the correcting term

x × y − x ⊗ y

is representable if and only if there exist two representable
pairs (nx, ex) and (ny, ey) representing x and y such that

ex + ey ≥ −emin.

Proof sketch adapted from [5]: The product of
two p-digit mantissas produces a 2p-digit mantissa
that can be split into two p-digit floating point pairs
whatever the rounding mode used.

The condition ex + ey ≥ −emin is sufficient as
it means that the extended mantissa is larger than
the underflow threshold. It is also necessary. Sup-
pose that there are no representable pairs for x and
y such that ex + ey ≥ −emin, we conclude that x ×
y mod β−emin is different from zero. Such difference
cannot be represented as it is below the underflow
threshold.

2

Counter example against weaker conditions: We
use the two following pairs representing the numbers
9 × 2−b

emin
2

c−1 and 11 × 2−d
emin

2
e. Our notation uses

p = 4 digits and an arbitrary value for emin.

(10012,−
⌊emin

2

⌋

− 1)2 and (10112,−
⌈emin

2

⌉

)2

The exact product 99×2−emin−1 rounds to the near-
est floating point pair 96 × 2−emin−1 = 12 × 2−emin+2

represented by the pair (11002,−emin + 2)2. The exact
correcting term is −3× 2−emin−1 and cannot be repre-
sented. Still neither inputs nor the result is a subnor-
mal pair.

4 Addition and subtraction

Authors have long exhibited two different situa-
tions in the production of an exact representable cor-
recting term for additions and subtractions. If the ex-
ponents of the inputs are close enough, the exact result
can be written with a 2p-digit mantissa. In this case,
the rounded value and the error can be stored with
representable pairs whatever the rounding mode be-
ing either to a nearest or directed.

If the exponents of the inputs are too far away one
from another, we have to make sure that the rounded
result is the largest input in magnitude. This fact is ob-
tained only when rounding to a nearest floating point
value if the operations are precisely rounded. It was
proved in some early part of our development [5] by
adapting the proof of the correctness of the algorithm
published in [19] to obtain the correcting term.

Theorem 3 (errorBoundedPlus in ClosestPlus)
Let ⊕ and 	 be the implemented addition and subtraction
rounded to a nearest floating point value. Given inputs x
and y, for each result x ⊕ y and x 	 y that is neither an
infinity nor a NaN, the correcting terms

x + y − x ⊕ y and x − y − x 	 y

are representable.

Counter example against weaker conditions: We
present now an example where the double rounding
of Texas Instruments’ TMS 320 C3x or Intel’s IA32 in-
troduces an unrepresentable error. Let the radix be
β = 2 and the precision p > 4 arbitrary large. We as-
sume that the extended precision less than doubles the
number of digits in the mantissa. We compute the sum
of the two normalized numbers (−(2p−1 + 1), p + 1)2
and (2p − 3, 0)2.

The first input has value −22p − 2p+1 and the exact
result is −22p − 2p − 3. As the extended precision is
limited, the last two bits of the result are lost and the
first rounding returns −22p − 2p. This result is next
rounded to −22p and the error is −2p − 3 that cannot
be represented.

We obtain the same unrepresentable correcting
term with the same inputs using the IEEE standard
directed rounding mode to +∞.

5 Division

Theorem 4 exhibits two conditions for the correct-
ing term to be representable. The first condition (1) is
expected. The second condition (2) is very new and
deals with a situation that only occurs with some of
the directed rounding modes.

Theorem 4 (errBoundedDiv in FroundDivSqrt.v)
Let � be the implemented division rounded to a nearest
floating point value or with a directed rounding mode.
Given inputs x and y, whenever x�y is neither an infinity
nor a NaN, the correcting term

x − (x � y) × y
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is representable if and only if there exist two representable
pairs (ny, ey) and (nq , eq) representing y and x � y such
that

ey + eq ≥ −emin, (1)

and

|x � y| 6= β−emin or
β−emin

2
≤
∣

∣

∣

∣

x

y

∣

∣

∣

∣

. (2)

Proof: We will prove that the exact remainder r =
x−(x�y)×y computed with appropriate care is repre-
sentable so that the two conditions are sufficient. We
first define q = x � y with any rounding mode. We
assume that there exist some representations (nq , eq)
of q and (ny, ey) of y that satisfy (1) and let (nx, ex) be
a representation of x.

Let (n′
q , e

′
q) be the machine representation of q, that

means that
nq × βeq = n′

q × βe′

q

and we can define the unit in the last place function
ulp(q) = βe′

q . We know from previous results that

e′q ≤ eq (FcanonicLeastExp)

and
∣

∣

∣

∣

x

y
− q

∣

∣

∣

∣

< ulp(q) (RoundedModeUlp).

We will show that the floating point pair (nr, er)
with

nr = nx × βex−min(ex,eq+ey)

− nq × ny × βeq+ey−min(ex,eq+ey)

er = min(ex, eq + ey)

is a representable pair for r. We easily check that
(nr, er) is a representation of x − qy. To prove that
r is representable, we consider two cases.

First, if eq + ey ≤ ex, then er = eq + ey and er ≥
−emin from (1). We check that

|nr| = |r| × β−er

= |x − qy| × β−eq−ey

≤ |y| ×
∣

∣

∣

∣

x

y
− q

∣

∣

∣

∣

× β−eq−ey

< |ny| × ulp(q) × β−eq

< |ny| × βe′

q−eq

< |ny|

and finally, |nr| < βp.

Second, if ex < eq + ey then er = ex and er ≥
−emin. So |nr| < βp is the only question left to finish
our proof. We examine three cases depending on |n′

q |.
If |n′

q | = 0, then q = 0 and r = x. If |n′
q | > 1, we check

that
∣

∣

∣

∣

x

y
− q

∣

∣

∣

∣

< ulp(q)

|n′
q| × |x − qy| < |n′

q | × ulp(q) × |y|
< |q| × |y|
≤ |x| + |x − qy|

and finally
(

|n′
q | − 1

)

×|x−qy| ≤ |x|. Since |n′
q| ≥ 2, we

deduce that |x − qy| ≤ |x| and then |nr| ≤ |nx| < βp.
The last case lies when |n′

q | = 1. Since (n′
q , e

′
q) is

a machine representation, it is subnormal and q =
±β−emin . We deduce β−emin/2 ≤ |x/y| from hypothe-
sis (2) and |x/y| < 2 × β−emin since we used a round-
ing mode, so that the successor of the rounded result
bounds the real value. We conclude that

|q|
2

≤
∣

∣

∣

∣

x

y

∣

∣

∣

∣

< 2 |q| and
∣

∣

∣

∣

∣

∣

∣

∣

x

y

∣

∣

∣

∣

− |q|
∣

∣

∣

∣

≤
∣

∣

∣

∣

x

y

∣

∣

∣

∣

.

As x
y

and q have the same sign (properties RleR-
oundedR0 and RleRoundedLessR0 of rounding
modes independent of the operation),

∣

∣

∣

∣

x

y
− q

∣

∣

∣

∣

≤
∣

∣

∣

∣

x

y

∣

∣

∣

∣

and |x − qy| ≤ |x|.

That ends the proof.

2

Counter examples against weaker conditions:
We will show that both hypotheses (1) & (2) are tight
with an example when one of the hypotheses is not
satisfied.

• The case where (1) is not satisfied follows an ex-
pected path. Let the radix be β = 2 and the preci-
sion p = 4 with

x = 10012 × 2−emin+3

y = 11012 × 2−b
emin

2
c.

The division is rounded to the nearest, that is to-
wards −∞ here. We get

q = 10112 × 2−1−d emin
2

e.

and eq + ey = −emin − 1.

The correcting term x − qy is

r = −11010112 × 2−emin−1,

that cannot be represented.
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• The case where (2) is not satisfied is more surpris-
ing with radix β = 2 and

x = 2−emin+p − 2−emin+1

y = 2p+1.

The exact division

x/y =
2−emin

2
− 2−emin−p

is rounded towards +∞ and we get

q = 2−emin .

The correcting term x − qy is

− (2p + 1) × 2−emin

that cannot be represented and that is surpris-
ingly larger than x. A relatively larger correct-
ing term arises rounding towards +∞ with x =
2−emin+p and y = 22p+1. Such a situation has
never been presented in the past but it can be re-
lated to the switch from relative error to absolute
error in the bounds of residuals presented in [7].

We have proved in theorems errorBoundedDi-
vClosest and errorBoundedDivToZero, that hy-
pothesis (2) is always true when rounding to a nearest
floating point or towards zero.

We will discuss again in Section 7 on the choice of
the method used to prove the theorems on the divi-
sion. The proof published in [2] is based on the usual
division algorithm and it uses properties that are not
known a priori in a proof checking environment.

6 Square root

It is common knowledge that square root extrac-
tions are similar to division algorithms in many ways.
As a consequence, we have written proofs of this sec-
tion with the skeleton of the preceding ones. However
the inequalities use distinct mathematical properties.
Merging the two theorems into a single one is impos-
sible unless we use a system able to prove that a large
set of inequalities leads to our goal without human as-
sistance. Such a system does not exist now.

As stated in the following theorem only one con-
dition (3) has to be satisfied. On the other hand, the
correcting term can be defined only when the operator
precisely rounds the result to a nearest floating point
number.

Theorem 5 (errBoundedSqrt in FroundDivSqrt.v)
Let ◦(√·) be the implemented square root operation
rounded to a nearest floating point value. Given the input
x, whenever ◦(√x) is neither an infinity nor a NaN, the
correcting term

x − ◦(
√

x) × ◦(
√

x)

is representable if and only if there exist a representable pair
(nq , eq) representing ◦(√x) such that

2 eq ≥ −emin. (3)

Proof: Once again, we prove that the exact re-
mainder r = x − ◦(√x) × ◦(√x) computed with ap-
propriate care is representable so that the condition
is sufficient. We first define q = ◦(√x) rounded to a
nearest floating point value. We assume that there ex-
ists some representation (nq , eq) of q that satisfies (3)
and let (nx, ex) be a representation of x.

Let (n′
q , e

′
q) be the machine representation of q.

∣

∣

√
x − q

∣

∣ ≤ ulp(q)

2
(ClosestUlp).

We will show that the floating point pair (nr, er)
with

nr = nx × βex−min(ex,2 eq)

− n2
q × β2 eq−min(ex,2 eq)

er = min(ex, 2 eq)

is a representable pair for r. We easily check that
(nr, er) is a representation of x − q2. To prove that r
is representable, we consider two cases.

First, if 2 eq ≤ ex, then er = 2 eq and er ≥ −emin

from (3). We check that

|nr| =
∣

∣x − q2
∣

∣× β−2 eq

=
∣

∣

√
x − q

∣

∣×
∣

∣

√
x + q

∣

∣× β−2 eq

≤ ulp(q)

2
×
(∣

∣

√
x − q

∣

∣+ 2 |q|
)

× β−2 eq

≤ ulp(q)

2
×
(

ulp(q)

2
+ 2 |q|

)

× β−2 eq

≤ 1

4
× β2 e′

q−2 eq + |n′
q | × β2 e′

q−2 eq

≤ 1

4
+ |n′

q|

≤ 1

4
+ (βp − 1)

≤ βp − 3

4

and finally, |nr| < βp.
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Second, if ex < 2 eq then er = ex and er ≥ −emin.
So |nr| < βp is only left to finish our proof. We ex-
amine two cases depending on (n′

q , e
′
q) is normal or

subnormal.
In the case where (n′

q , e
′
q) is normal, we use the fact

that ulp(q) ≤ |q| × β1−p (FulpLe2) with p ≥ 2, and
that q ≥ 0 (RleRoundedR0), so

q ≤
√

x +
ulp(q)

2

≤
√

x +
1

2
× β1−p × q

q ≤
√

x

1 − β1−p

2

q2 ≤ x ×
(

1

1 − β1−p

2

)2

≤ 2 x

As q2 and x have the same sign and q2 ≤ 2 x, we have
|x − q2| ≤ x and then again |nr| ≤ |nx| < βp.

The case where (n′
q , e

′
q) is subnormal cannot hap-

pen with any of the common single and double preci-
sion floating-point formats and it was expectedly dis-
missed by previous authors. But if the radix is β = 2,
the precision is p = 5 and the underflow exponent is
−emin = −3, the machine representation of the square
root of 1, the number represented by (1, 0) is subnor-
mal as it is (10002,−3).

Again, such a system would be extremely silly but
neither automatic proof checkers nor higher order
logic have common sense. We would need to define
constraints such as the one presented in the IEEE 854
standard [4, § 3.2] to explain that 1 should not be a
subnormal number. As a specification should be as
concise as possible to remain trusted and since we are
able to present a proof without additional definitions,
we prefer to limit ourselves to the 17 definitions of our
generic specification and no constraint at all but β ≥ 2
and p ≥ 2.

In this case, e′q = −emin and

|nr| =
∣

∣x − q2
∣

∣× β−ex

=
∣

∣

√
x − q

∣

∣×
∣

∣

√
x + q

∣

∣× β−ex

≤ β−emin

2
×
(∣

∣

√
x − q

∣

∣+ 2
√

x
)

× β−ex

≤ β−emin

2
×
(

β−emin

2
+ 2

√
x

)

× β−ex

≤ 1

4
β−2 emin−ex +

√
nx

√

βexβ−emin−ex

≤ 1

4
+
√

nx ×
√

β−2emin−ex

≤ 1

4
+ nx ≤ βp − 3

4

and finally, |nr| < βp, so that the property still holds
in this case never studied before.

2

Counter examples against weaker conditions:
We will show once again that both hypotheses (3) and
the rounding mode being to the nearest are sufficient
and tight with an example when one hypothesis is not
satisfied.

• Let the radix be β = 2 and the precision be p =
4. The case where (1) is not satisfied follows an
expected path. We distinguish whether emin is
even or not. In the first case (emin is even), with

x = 10102 × 2−emin+1

q = 10012 × 2−1−
emin

2 ,

we check that 2 eq = −emin − 2 and the exact cor-
recting term x − q2 is

−2−emin−2,

that cannot be represented in our floating-point
format.

In the second case (emin is odd), we end up to the
same conclusion with

x = 10102 × 2−emin+3

q = 11012 × 2
−1−emin

2

x − q2 = −10012 × 2−emin−1.

• To prove that precise rounding to a nearest is nec-
essary for the square root operation, we focus on
the number x = 22p+2 − 6× 2p+1 where the radix
is β = 2 and the precision p > 4 is arbitrary large.
A representation of x is (2p − 3, p + 2)2.

The square root of x can be expressed in the form√
x = 2p+1 − 3 − α × 2−p with α between 9

16

and 9
√

2
4 from Taylor-Lagrange inequality. Precise

rounding would answer 2p+1 − 4 represented by
the pair (2p − 2, 2)2 but some hardware that dis-
cards α×2−p may round the result to 2p+1−2 and
return the representable pair (2p − 1, 2)2.

In the later case, the correcting term x − q2 is
−2 × 2p+1 − 4 = −(2p + 1) × 4 and it cannot be
represented.

We have just presented the case of rounding to
+∞. A counter example rounding to −∞ or to-
ward 0, is obtained with x = 22p+2 + 6 × 2p+2.
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7 Remainder

IEEE 754 and 854 standards define the remainder
operation that shall be implemented for a system to
comply to the standards. Given two inputs x and y,
we define n that is the rounding of x/y to the nearest
integer value with the even tie breaking rule and the
result is defined as

r = x − ny.

Both documents state that the remainder can al-
ways be represented using the same floating point for-
mat as the inputs. The best way to prove this assertion
is to look at the common stepwise binary implementa-
tion of the Euclidean division. As the quotient is com-
puted bit-wise, most significant bit first, the remain-
der always fit in the same format as the inputs. This
invariant was also used in [2] to prove the theorem on
divisions and the authors noticed that this invariant is
not true for the stepwise square root extraction.

We would have to describe the Euclidean division
with much details and properties to port this proof to
an automatic proof checker. This is the reason why the
question of the remainder being exact has never been
answered with an automatic proof checker before [15].
We present in the following theorem a more elemen-
tary proof of this fact.

Theorem 6 (errBoundedRem in FroundDivSqrt.v)
Given inputs x and y 6= 0, and n the rounded value of x/y
to a nearest integer the remainder

x − n × y

is representable if it is neither an infinity nor a NaN

Proof: We define a rounded value of real r to an
integer as integer n such that

∀n′ ∈ Z, |n − r| ≤ |n′ − r|.

We will in fact solely use the property that if n is a
rounded value of real r then |n − r| ≤ 1/2.

We prove the theorem in the case where x and y
are non-negative machine pairs. Other cases are han-
dled similarly. Then r =R x − n × y is such that
er = min(ex, ey).

First, if ey ≤ ex then er = ey ≥ −emin and

|nr| = |x − n × y|β−ey

= |y| ×
∣

∣

∣
n − x

y

∣

∣

∣
β−ey

= |ny| ×
∣

∣

∣
n − x

y

∣

∣

∣

≤ |ny| × 1/2
≤ |ny|
< βp.

Second, if ex < ey then er = ex ≥ −emin. We then
have three subcases depending on the value of n.

If n = 0 then r = x is representable. If n = 1,
then r =R x − y is representable because of Sterbenz’s
theorem [20]. Indeed as n = 1, we have |1−x/y| ≤ 1/2
and we deduce that 1/2 ≤ x/y ≤ 3/2.

The other cases are impossible. As x/y − n < 1,
we have 0 ≤ x/y < n + 1 so n ≥ 0. And as x and y
are machine pairs and ex < ey, we know that x < y
(FcanonicPosFexpRlt) so x/y < 1 and n ≤ 1. So
we have an integer n such that n ≥ 0, n ≤ 1 and n is
neither 0 nor 1.

2

8 Conclusion

The urge for the development of automatic proof
checking is evident from adventures of published
proofs such as the ones described in [17]. We have
proved and checked in this document old and new
properties on floating point arithmetic. Some of the
new properties are almost part of the common knowl-
edge of the community of users of floating point arith-
metic. However, validating them has made it possi-
ble to detect strange, very uncommon and counter-
intuitive cases of failure. Should designers have de-
cided to implement the functionality advocated in [2],
such cases might have nurtured dormant bugs.

Although the properties shown in this document
have been validated with an automatic proof checker,
we do not regard them as unshakable truths. We have
so far validated a large number of properties based
on our specification and we have been able to connect
many of these properties with results published in the
literature. Working with an automatic proof checker,
we like to compare it to a stubborn but helping col-
league that will review our proof and will tirelessly
ask for details.

As a conclusion, we regard these properties as
highly trusted. They incurred a significant amount of
testing not reported in the process of the proof. Most
proofs have first been written and approved as a pen
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and paper proofs before being checked with the com-
puter. The most uncommon achievement of this work
is probably the ability to extend our highly trusted
properties to any radix, any precision and to digi-
tal signal processing circuits implementing a floating
point arithmetic slightly different from the IEEE stan-
dard.
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