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Abstract

In a search for an algorithm to compute atan(x)
which has both low latency and few floating point in-
structions, an interesting variant of familiar trigonom-
etry formulas was discovered that allow the start of ar-
gument reduction to commence before any references to
tables stored in memory are needed. Low latency makes
the method suitable for a closed subroutine, and few
floating point operations make the method advantageous
for a software-pipelined implementation.

1 Introduction

Short latency and high throughput are two conflict-
ing goals in transcendental function evaluation algo-
rithm design. In a system that allows function inlin-
ing and software pipelining at high optimization, and
closed subroutine calls at low optimization (or debug-
ging), the question arises whether the software pipelined
algorithm must agree for all arguments with the closed
subroutine’s algorithm. Lacking a solution to the Table
Maker’s Dilemma [6], and the undesirableness of differ-
ent results at different performance levels, we searched
for algorithms having both good latency characteristics
and good throughput behavior. Some compromise in
both the closed subroutine performance and vectorized
performance will be the consequence of requiring the
identical results in both implementations.
The optimal technique for high throughput is to use as

few instructions (especially floating point instructions)
as possible, as the number of floating point instructions
in an algorithm divided by the number of floating point
operations that can be dispatched in a cycle gives the
limiting software pipelined cost for an evaluation. (It
is possible to break out of a software pipelined loop to
handle rare special cases. In trigonometric algorithms,
for example, the use of the Payne-Hanek argument re-

duction method is handled out-of-loop because its use is
rarely required.)
For short latency, it is often desirable to use many in-

structions. Different sequences may be optimal over var-
ious subdomains of the function, and in each subdomain,
instruction level parallelism, such as Estrin’s method of
polynomial evaluation [3] reduces latency at the cost of
additional intermediate calculations.
In searching for an inverse tangent algorithm, an un-

usual method was discovered that permits a floating
point argument reduction computation to begin at the
first cycle, without first examining a table of values.
While a table is used, the table access is overlapped with
most of the argument reduction, helping to contain la-
tency. The table is designed to allow a low degree odd
polynomial to complete the approximation. A new ap-
proach to the logarithm routine [1] which motivated this
study also begins argument reduction immediately to re-
duce latency.
In Section 2 some previous approaches to inverse tan-

gent approximation are described. Section 3 describes
the new algorithm, and Section 4 compares the classic
and new algorithms.

2 Prior Art

One of the lowest latency inverse tangent routines
is described in [1]. For arguments x no larger than 1
in magnitude, a 47th degree odd polynomial (Cheby-
chev or Remez approximation to arctan) is evaluated.
This is essentially a 23rd degree polynomial in x2.
Exploiting the fact that modern processors have fully
pipelined floating point units, the polynomial is evalu-
ated by Estrin’s method by first evaluating terms of the
form t4n+3 + t4n+5x

2, e.g. t47,45 = t47 + t45x
2. The

subscripts of the results indicate the coefficients that are
incorporated in the term. Each of these computations
is independent of the others. On a machine that requires
four cycles to complete one floating point instruction but



can issue two instructions concurrently, 8 of these opera-
tions can be dispatched by the time the first one finishes.
These terms are then combined in parallel by multiply-
ing by powers of x4 (e.g. t47...41 = t47,45x

4 + t43,41).
There are 5 extra instructions to evaluate higher pow-
ers of x, and a total of 29 instructions are required for
the evaluation. These can be dispatched two per cycle,
until near the end, when the dependencies between the
final additions cannot be hidden. A similar strategy is
used for arguments larger than 1 in magnitude, except
that the polynomial is in powers of 1/x. To avoid a di-
vision before the polynomial evaluation, parallelism is
again exploited by writing the approximation as a 45th
degree odd polynomial divided by x45. The computa-
tion of x−45 proceeds in parallel with the polynomial
evaluation and becomes essentially hidden.
This technique is not appropriate for software

pipelining because it contains an excessive number of
floating point computations. Even though not all com-
putations are executed for each argument, in a software
pipelined structure, it costs time to skip over the un-
needed instructions.
Another low latency technique, for arguments less

than 1 in magnitude, is to divide the domain [0,1] into
n equal segments. For each segment i, the arctangent
of the midpoint of the interval is tabulated, as well as
polynomial coefficients to approximate

arctanx = pi +
kX

j=1

ci,j(x− pi)
j (1)

where k depends on the number of segments n and the
desired precision. Because the approximation at the ith
point is not centered at zero (except when i is zero), the
approximating polynomial contains all terms. Gal et. al.
[2] have proposed 256 segments, which require a (dif-
ferent) fifth degree polynomial for each segment. For
arguments greater than 1 in magnitude, 1/x must first
be computed, before the same technique is applied to the
second octant. As in the previous example, the compu-
tation of 1/x can be overlapped with the table lookup to
find pi, and the coefficients ci,j . Latency may be slightly
shorter for results in the first octant. To reduce table size,
we had divided the first quadrant into 14 segments, and
used a 15thdegree polynomial with Estrin’s method to
approximate the arctan of the reduced argument.
A method used by Story and Tang at Intel [7] to

compute atan(x/y) can be adopted for the simpler in-
verse tangent computation, by setting y = 1. For
1/8 ≤ |x| ≤ 1, they propose deriving from x =
2k (1.x1,x2,x3,x4,x5,x6,...) a quantity

B = 2k(1.x1,x2,x3,x4,x5,1, 0, ...0) (2)

Then,

arctanx = arctanB + arctan
x−B

1 + xB
(3)

Even before arctanB is found by table lookup based
on k and the bits x1,x2,x3,x4,x5, evaluation of the frac-
tion in the Equation 3 can begin. However, the table
construction method does not carry over to cases when
|x| ≥ 1, in which case an approximation to 1/x would
first have to be generated, and B computed from that
reciprocal approximation. The final result in that case
exploits the identity

arctanx+ arctan 1/x = π/2, for x ≥ 0
This method has the advantage over Gal’s method in be-
ing able to start computation before table lookup, but in
the event that the argument is larger than 1 in magni-
tude it requires a delay for the reciprocal approximation
as well as the evaluation of a slightly different formula
than the one given in Equation 3. This may increase
the total number of floating point operations in the al-
gorithm, In any case, there is some delay in deriving B
from x. To date, this method has only been used for
double-extended evaluations of the arctan function.
For high throughput evaluation of arctan(x), the first

quadrant is partitioned into n equal sectors. By com-
paring the argument against the tangents of each sec-
tor boundary, one can quickly determine in which sec-
tor the result will lie. For each sector i, a table con-
tains the midpoint pi of the sector, as well as sin pi
and cos pi. If y = arctan(x), the object is to com-
pute g = tan(y − pi). Once g is known, arctan g is
computed with a short odd polynomial, and the result
is pi + arctan(g). The quantity g is derived from the
standard trigonometry formula by

g =
tan y − tan pi
1 + tan y tan pi

=
cos pi tan y − sin pi
cos pi + tan y sin pi

=
x cos pi − sin pi
cos pi + x sin pi

(4)

The advantage of the computation in Equation 4 is the
avoidance of infinities in the case when pi = π/2. The
count of floating point instructions is competitive with
Gal’s method with a substantially smaller table because
the approximating polynomial is odd, but from a la-
tency viewpoint, the drawback is that the division can-
not be started until i is determined, the table lookups
have been completed and the numerator and denomina-
tor have been computed. We have found that dividing
the first quadrant into 12 sectors allows a 11th degree
approximation to yield over 64 bits of precision.



3 New Algorithm

The method we employ is similar to the last method
described in Section 2. Given an argument x, we seek
to find y such that tan y = x. The first quadrant is
divided into n sectors (with the ith sector centered at
pi = πi

2n , i = 0, 1, ..., n, and the segment boundaries at
bi =

π(2i−1)
4n , i = 1, 2, ..., n.) For each sector, bi, pi,

sin pi and cos pi are tabulated. By comparing x to the
bi, i is determined such that tan pi is closest to y. So far,
we have followed the previous scheme.
From a latency viewpoint, it would be desirable to

avoid the division by a quantity that depends on i and the
values of sin pi and cos pi (which are obtained by table
lookup). Instead of computing g = tan(y − pi), con-
sider computing h = sin(y − pi). If h can be obtained
independently of the table lookup, then the computation
of h can overlap the table lookups, hiding the latency of
the previous method.

h = sin(y − pi)

= siny cos pi − cos y sin pi
= tany cos y cos pi − cos y sin pi
= cos y(tan y cos pi − sin pi)
=

x cos pi − sin pi√
1 + x2

(5)

In the computation shown in Equation 5, the numerator
does depend on the table lookup values, but the more
time-consuming computation of the reciprocal square
root is strictly a function of the input. On a computer
such as Itanium, which has a fused multiply-add in-
struction, as well as a reciprocal square root approxi-
mation instruction, the radicand can be computed with
one instruction issued in the very first cycle of the im-
plementation, and the inverse square root can be com-
puted while the table lookup takes place. Once the table
lookup is complete, a fused multiply-add computes the
numerator in Equation 5, followed by a multiplication
of the approximate reciprocal square root to give the re-
duced argument for an inverse sine approximation. For
small arguments, the inverse sin approximations con-
verge slightly faster than the inverse tangent, so that of-
ten, an approximating polynomial with one fewer term
keeps the error below the desired bound. The inverse
tangent is computed as

arctan(x) = pi + arcsin

µ
x cos pi − sin pi√

1 + x2

¶
(6)

Compared to using Equation 1, this method has about
the same number of floating point instructions, but
there is no distinction made between results in the first

and second octant and the bulk of the computation of
the reduced argument always overlaps the table lookup
process.
The method can easily be adopted to compute

atan2(x, y) = arctan(x/y) in the following manner:

arctanx/y = atan2(x, y)

= pi + arcsin

 x
y cos pi − sin pir

1 +
³
x
y

´2


= pi + arcsin
x cos pi − y sin pip

x2 + y2

It takes two floating point operations to evaluate the rad-
icand, and it will take two floating point operations to
compute the numerator. It is also necessary to approx-
imate x/

p
x2 + y2 in order to determine in which seg-

ment the result lies; however, an eight bit approximation
reciprocal square root of the radicand is adequate. Eval-
uating atan2 takes an additional three floating point op-
erations when compared to the arctan evaluation.
Table 1 gives both the scalar latency and number of

integer and floating point operations used on Itanium II
for various subcomputations that may appear in the arc-
tangent routines that we have discussed. In this way,
the reader can experiment with the consequences of var-
ious methods of evaluating the arctangent. Itanium II
can issue two memory access instructions per cycle. So
if several consecutive memory accesses are issued, only
the first appears to suffer the latency. Thus n consecu-
tive floating point words can be accessed in dn/2e + 5
cycles. Other integer and floating point operations may
be issued while waiting for a load operation to complete.
In each cycle, Itanium II can issue as many as two float-
ing point operations, and six operations in all. For the
vectorized version, if the number of floating point oper-
ations exceeds half of the number of integer operations,
the average latency of a vectorized evaluation can be as
short as 1/2 the number of floating point operations.

3.1 Error Analysis

If the computation of double precision arctan is car-
ried out using double-extended arithmetic, and the tables
are stored as double-extended precision quantities, then
the error in using Equation 6 falls into four parts: the er-
rors in computing x cos pi − sin pi, 1/

√
1 + x2, the er-

ror in the polynomial that approximates arcsin, as well
as rounding errors throughout the computation. The er-
rors in cos pi, and sin pi are bounded by 1

2 of a double-



Operation Scalar FP Ops Integer or
Latency Memory Ops

move data between fpr and gpr 4-5 1
1/x, 34 bits of precision 16 5
1/x, 62 bits of precision 20 7
1/
√
x, 34 bits of precision 20 6 2

1/
√
x, 62 bits of precision 28 10 2

1/
√
x, 8 bit approximation 4 1

Memory to fp register 6 1
Memory to gp register 2 1
Evaluate polynomial, kth degree 4k k
Which of n sectors contains argument n+ 3 3n
Find sector by binary search 4 dlog2 ne 5 dlog2 ne
fp add, multiply 4 1
fp fused multiply-add 4 1
integer add, shift, and, load immediate 1 1

Table 1. Latency and number of floating point operations of common computations on Itanium
II. Since Itanium can issue two floating point operations per cycle, the vector latency is half the
number of floating point operations.

extended precision unit in the last place1. This could
be made even smaller by employing Gal’s exact table
method[2]. The computation of x cos pi− sin pi will in-
volve cancellation (since pi was chosen so that x is close
to tan pi.) The error in this computation is bounded by
1 ulp of the value of sinpi (except when i = 0, in which
case x cos pi − sin pi is exactly x.) If Gal’s exact ta-
ble method is used, the error committed by computing
x cos pi ª sin pi will be bounded by 1

2 ulp.
The error in computing 1 + x2 may be as large

as 1
2 ulp, so that value of 1/

√
1⊕ x2may differ from

the true value by as much as 1
4 ulp. But computing

1/
√
1⊕ x2 to double-extended precision using Gold-

schmidt’s inverse square root algorithm (for low latency
and few operations) may introduce an error of as much
as 2 ulps of the computational precision [5]. Multiplying
the inverse square root approximation by x cos piªsin pi
may add another 12 ulp error, so that the error in the re-
duced argument is bounded by 234 ulps, plus an ulp of pi
whenever i 6= 0. With the exact table method, the error
is bounded by 314 ulp.
When i = 0, the computation reduces to

arctan(x) = arcsin
¡
x/
√
1 + x2

¢
. We have already

seen that in this case, argument reduction may contribute
an error as large as 234 ulps. The operations in evaluat-
ing the polynomial approximation to arcsin will intro-
duce slightly over 12 ulp, and the approximation itself
(without regard to the arithmetic operations) may intro-

1In the discussion in Section 3.1, a unit in the last place, or ulp, is
always a double-extended precision ulp, unless stated otherwise.

duce another ulp. (One can reduce this somewhat, at the
expense of additional instructions and latency or larger
tables). Thus, the error in using this method for the sec-
tor containing 0 is bounded by 414 computational ulps.
But since computational precision is 64 bits wide, and
we seek a double precision result, the total error, in dou-
ble precision ulps, is bounded by .5021 ulps.

When i = 1, and a negative reduced argument, the
final addition in Equation 6 is effectively a subtraction,
and the subtrahend may be as large as 1

2pi. Errors as
large as 414 computational ulps may occur before round-
ing to single or double precision.

When i > 1, the method is more precise. The correc-
tion to pi is less than pi/4, so that the final addition in
Equation 6 will introduce 12 ulp, as well as the errors in
argument reduction and the polynomial approximation.

Suppose that the polynomial is of sufficient degree to
make the error in the approximation of arcsin(x) less
than 1

2 ulp in double extended precision (see [4] for ta-
bles of trade-offs between polynomial degree and n,
the number of sectors in the first quadrant.) The to-
tal error of the computation is bounded by 414 double-
extended ulps, or .0021 ulps in double precision. As i
increases, the error contributed by the arcsin computa-
tion decreases, since the pi increase while the magnitude
of the arcsin term is bounded by sinπ/4n.



Single Double
Precision Precision
Scalar Vector Scalar Vector

New method 53 8.0 63 11.0
Eqn. 4 91 8.5 99 10.5
Eqn. 1 43 14 52 20
Intel’s method [1] 40 56

Table 2. Scalar and Vector performance of various arctan routines. Times are given in cycles.
Scalar times refer to closed calls for a single argument. Vector times indicate the average time
if a software-pipelined implementation is applied to a vector of arguments. Low numbers are
better in all cases. Entries which are not known or not applicable are left blank.

4 Results

Implementing this method for Itanium, Table 2 shows
the latency and throughput results for the new algorithm,
as well as some of the algorithms described in Sec. 2.
The scalar column gives the latency in cycles for a typi-
cal evaluation. The vector column gives how frequently
(in cycles) a new arctan evaluation may start. For some
of these algorithms, the vector performance has not been
measured or evaluated. Of course, if it were not required
for the scalar and vector results to be identical, then two
algorithms could be used: a short latency algorithm such
as described in [1], and a high throughput algorithm, as
described in the paragraph containing Equation 4.
We have also sketched code for the function atan2,

and have measured the double precision vector perfor-
mance at 15 cycles. However, by reading the code, we
believe that better scheduling should eventually reduce
the latency to 13.5 cycles.

5 Conclusion

The novelty suggested by this paper is to transform
the computation of the inverse tangent to the computa-
tion of the inverse sine. By exploiting Equation 6 to
compute the inverse tangent in terms of the inverse sine
of the reduced argument, the argument reduction can be-
gin immediately, even before it is determined in which
segment the result will lie. This permits a relatively
short latency for the closed function, while requiring few
floating point instructions. Consequently the throughput
of the algorithm is competitive with other vectorizable
algorithms.
The algorithm for the inverse tangent shown in this

paper emphasizes two techniques. The first is to find al-
gorithms which allow computation on the argument(s)
immediately, in parallel with the table lookup activity.
The Intel development for the logarithm [1] was an in-
spiration to find such algorithms. The second point

is that the function evaluated on the reduced argument
need not be the same function as the one we are trying
to approximate. We have shown the straightforward ex-
tension of this technique to the atan2 function.

An advantage of the new method vis-a-vis use of
Equation 1 is that the same polynomial is evaluated for
each argument. Thus only one set of polynomial co-
efficients need be kept in registers while the vectorized
algorithm executes. Had our method required a different
polynomial for each argument, then the vectorized rou-
tine would be hindered by the requirement to keep many
of the coefficients of the polynomials under evaluation
in registers at the same time. The number of available
registers may be insufficient for this purpose and may
cause the seemingly short program (from the viewpoint
of number of floating point instructions) to run slower
than expected.

In comparison with the method of Story and Tang,
the computation of B (see Equation 2) does take the
equivalent of two or three floating point operations, so
that the start of the division must wait about 3 floating
point latencies to commence. On the other hand, divi-
sion requires fewer floating point operations than recip-
rocal square root.
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