B A OST of the papers contained in this issue’s special sec-
j tion on computer arithmetic had their origin in the
cond Symposium on Computer Arithmetic held May 15-16,
1972 at the University of Maryland. The Symposium was
gponsored by the Technical Committee on Computer Architec-
fure (TCCA) of the IEEE Computer Society. The Guest
itors for this issue served as Chairman (H. L. Garner) and
rogram Chairman (D. E. Atkins, II[) for the Symposium.
ere were 45 participants registered for the symposium and
30 papers were presented. The program was divided into ses-
ns broadly titled: 1) theory of numbers and arithmetic,
thmetic codes, and residue arithmetic; 2) arithmetic algo-
rithms and their implementation; and 3) control of precision
and error in computation.

Unfortunately, due to space limitations, it was not possible
to include all of the symposium papers in this issue’s special
section on computer arithmetic. The Guest Editors eliminated
their own papers. Several other papers have been published
elsewhere. Other papers were not included, either because
time did not permit the necessary revision or because the re-
search was in a state too preliminary for publication. Asa re-
sult the papers in this special section of this issue do not re-
¥ flect the breadth of research in digital computer arithmetic.
Recent activities in digital computer arithmetic can be cate-
gorized as theory, design (logic, algorithmic, or system), con-
b trol of errors, and the control of precision in the computa-
tational process. These activities are for the most part
motivated by the demands and requirements of the computer
| users. Diverse applications of computers have created real re-
quirements for increased flexibility, irncreased speed, fault-
tolerant computing, accurate estimation of precision, and
economy. These requirements are not necessarily mutually
compatible. In particular, economy is not necessarily com-
patible with either speed or fault-tolerant computing. The de-
signer, the user, and the sponsor must determine the appro-
priate relative weight to be given to various requirements. The
success of solid-state technology in providing economical and
reliable components has had a profound effect on the design of
digital computers and on digital computer arithmetic systems
and logic. This technology has mediated, if not negated, the
need to minimize the number of components and has permit-
ted practical designs involving redundancy and pipelining.
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Even the so-called “brute force” design has in several instances
been physically realized.

Spira’s paper, ‘“Computation Times of Arithmetic and
Boolean Functions in (d, r) Circuits,” is a theoretical paper
concerned with the lower bounds on the time required to com-
pute logical functions, including the standard arithmetic
operations. The paper surveys the known research in this
area. Included are previously unpublished results that have
generally been known to specialists in this field.

The paper by Robertson and Trivedi, “The Status of Investi-
gations of Computer Hardware Design Based on the Use of
Continued Fractions,” describes current research in the use of
continued fractions. Practicality has not as yet been demon-
strated, but the theoretical results are promising. The authors
enumerate three fundamental requirements that a proposed
representation in numbers must satisfy for hardware imple-
mentation. This paper is an interesting case study of the diffi-
culties arising when a new data representation format is
considered.

The paper, “Radix-16 Evalutation of Certain Elementary
Functions,” by Ercegovac describes algorithms for certain ele-
mentary functions based on the continued product form of
representation. This paper is primarily concerned with higher
radix implementations and is an extension of the work of
DeLugish [1]. One of the earliest hardware implementations
of the continued product representation is the CORDIC tech-
nique report by Volder {2]. This concept was further gen-
eralized by Walther [3]. An excellent paper on the subject
of hardware generation of electrical functions is given by
Chen [4]. This paper presents an interesting technique as well
as an excellent summary of the field.

Solid-state electronics has allowed the designer to use many
more components. One consequence of this is pipelining
which is discussed by Hallin and Flynn [5]. The same trends
have led to serious consideration of strictly combinational ap-
proaches of arithmetic. The correspondence by Jacobsohn in
the special section of this issue describes a combinatoric divi-
sion algorithm for fixed integers.

The paper by AviZienis, “‘Arithmetic Algorithms for Error-
Coded Operands,” describes in detail the arithmetic error-
correcting algorithms used on the STAR computer developed
by the Jet Propulsion Laboratory. The paper gives a good pic-
ture of the additional complexity required to implement error
correction in an arithmetic unit.

The last five papers are concerned with the representation
errors inherent in floating-point representation, bounds on and
the control of roundoff error, and the effect of the number
base on the errors. An excellent introduction to the advan-
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tages and pitfalls of floating-point arithmetic is given by Knuth
[6]. In this volume he comments, “Unfortunately the design
of such floating-point hardware usually includes some anom-
olies which result in dismally poor behavior in certain circum-
stances, and we hope that future computer designers will pay
more attention to providing the proper behavior than they
have in the past.” These papers should be of great interest to
the designers of floating-point arithmetic systems.

Experimentalists have traditionally assigned probable error
to results. Determination of probable error in computed re-
sults is difficult because: 1) the standard floating-point format
does not provide for errors; 2) the rounding process may not
be ideal; and 3) input data may be correlated thus complicat-
ing analysis.

Significant digit arithmetic (SDA) [7] was developed for the
representation and processing of inexact data inputs. SDA
provides a data format identifying significant digits and is a
solution for difficulty 1) mentioned above. If part of the
computational process is concerned solely with exact inputs
then SDA leads to improper representation. This difficulty is
overcome using the algorithms presented by Metropolis in his
paper, “Analyzed Binary Computing,” given in this issue’s
special section. These algorithms have been implemented in
the software of Maniac II and a hardware implementation is
being considered.

Yohe in his paper, “Roundings in Floating-Point Arith-
metic,” maintains that no manufactured computer performs
ideal rounding. Five different roundings are defined. These
are: the standard rounding; truncation; augmentation; and
two directed roundings. Yohe considers data formats and the
effect of guard digits. Yohe suggests that an optimum floating-
point arithmetic system should provide for true rounding and
both directed roundings. If this is done then: 1) upper and
lower bounds for propagated roundoff error for a sequence of
machine operations are more easily and accurately computed
and 2) optimum rounding results in greater accuracy. For ex-
ample if optimum rounding is used then the machine calcu-
lated square root is either a machine representable number or
one of two consecutive machine representable numbers bound-
ing the square root. 3) Hardware implemented directed round-
1ng permlts interval arithmetic operations to be performed in

% to 15 of the time required for a software implementation.

Marasa and Matula in their paper, “A Simulative Study of
Correlated Error Propagahon in Various Finite-Precision Arith-
metics,” consider errors associated with four arithmetic modes
using both rounding and truncation with floating and logarith-
mic data formats. The computation model involves a random
sequence of arithmetic operations applied to operands selected
from a randomly generated set of input data. The cardinality
of the data set remains constant since the result of each opera-
tion replaces one of the operands. This replacement process
introduces correlated error in the data set. The result of the
study shows that the error growth rate is h1ghly dependent on
the operator mix and only modestly ependent on the
arithmetic mode. :

Cody, in “Static and Dynamic Numerical Characteristics of
Floating-Point Arithmetic,” summarizes what is known about
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the dynamic and static characteristics of floating-point number}

systems. The static characteristics are the avérage and maxis
mum relative representation error and the range of the mas
chine representable numbers. Bases 2, 4, and 16 are studied:
The general conclusion is that there is little difference between
the static characteristics of binary and hexadecimal representa-
tion, though based solely on maximum relative representation
error, binary representation is superior to hexadecimal repre-
sentation. The average relative representation error is the least
for base 4. The dynamic behavior is characterized by the ac-
cumulated roundoff error. Different rounding techniques plus
different number of guard digits are considered.

Arithmetic systems differing only in binary and hexadecimal
representalion appear statistically to give the same computa-
tional accuracy but a base 4 system appears to give better ac-
curacy than ejther binary or hexadecimal. Unbiased rounding:3
is superior to truncation. ‘

Almost maximum accuracy can be obtained with true unbi-
ased rounding and two guard digits or with truncation and one
guard digit for larger values of the base. With respect to the
choice of base, Cody concludes, “There may be valid reasons.
for prefering binary over hexadecimal, but the inferior per-'
formance of current hexadecimal machines appears to be du
to other design considerations. It appears that the best ma
chine design would use unbiased rounding with two guard .
characters and possibly a base 4 representation.” ,

‘The final paper by Brent, “On the Precision Attainable with'
Various Floating-Point Number Systems,” contains results ob
tained from both analytic analysis and simulation. Part
of this paper appear in summary form in the previous paper b
Cody.. Brent shows that the error due to truncation is twice as.
much as that due to rounding. He also shows that bases highe
than 8 are inferior to base 4 on an rms relative error criterion. ’
The paper contains an interesting discussion in choice of num- 1
ber base and the number of guard digits. The list of reference:
is quite complete. It should be very useful for anyone wishing 1
to study the field of floating-point arithmetic error.

Despite the fact that arithmetic is something learned by chil .
dren and now taken for granted by most computer users, it is
still a lively subject undergomg innovative development. It 1s
hoped that this issue’s special section on computer arlthmetlc :
will help substantiate this viewpoint and also make a contrlbu- :
tion to this topic that. has played such an important part m*
the history of the world.
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