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Abstract— Carry tree sparseness is used in high-
performance binary adders to achieve better energy-delay 
trade-off. To determine the energy optimal degree of 
sparseness, a detailed analysis is performed in this work. An 
analytical expression for the upper bound of sparseness is 
derived. The effect of increased sparseness on partial sum 
block and total energy is explored on 32-, 64-, 128-, and 256-bit 
adders. Higher degrees of sparseness in the carry generation 
block is achieved by employing parallel adders in the sum 
block instead of serial ripple carry adders. 64-bit adders with 
various sparseness degrees using leading addition algorithms 
are synthesized and optimized with a standard cell library in 
45nm CMOS technology. Post layout simulations revealed that 
the optimal sparse carry tree adders provide up to 50% and 
22% improvement in energy at same performance over full 
carry tree Kogge-Stone and Ladner-Fischer adder designs, 
respectively. 

Keywords- Arithmetic and Logic Structures, Binary Adders, 
Low-Power Design, Sparseness, VLSI. 

I.  INTRODUCTION 

Binary adders are the core of arithmetic operations in 
high-performance microprocessors [12]. In literature, various 
implementations have been proposed to speed up binary 
addition operation. They introduce different trade-offs in 

terms of algorithm, logic depth, wiring complexity and the 
maximum fan-out of the design [1-8][24].  

The adder consists of a carry block, sum block and sum 
selection block. Sum block generates conditional sum signals 
pre-computed for the two cases where the carry from the 
previous digit (or group of digits) is ‘0’ and ‘1’.  The sum 
selection block selects the actual sum from the pre-computed 
values depending on the value of the carry signals. The carry 
block can generate all carry signals (full tree) or some of the 
signals (sparse tree). An example of N-bit adder structure 
with a sparse M carry tree (only the carry signals with an 
index of integer multiples of M are generated) is shown in 
Fig. 1. 

Sparse carry trees have been shown to reduce energy in 
parallel adders [14][16][18]. Energy improvement is due to 
the complexity reduction of the carry path by reduced wiring 
and number of gates. On the other hand, a certain amount of 
complexity is moved to the sum path incurring a limit on the 
sparseness of the carry tree. Benefits of using a sparse carry 
tree become more apparent for dynamic designs where the 
carry generation block is implemented in dynamic logic 
(high performance) and sum path in static CMOS (low 
power). Dynamic logic suffers from high switching activity 
penalty. By moving the complexity from carry path to sum 
path, which has less switching activity due to static CMOS 

 
Figure 1. The structure of an N-bit adder with a sparse M carry tree. 
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implementation, a considerable reduction in energy is 
achieved [12].  

There is a trade-off between carry tree sparseness and 
sum block complexity [16]. Hence, a limit on the energy 
optimal degree of sparseness for the carry tree is expected. In 
this work, we investigate the energy optimal sparseness 
degree in static CMOS adders. Static CMOS is known for its 
robustness compared to dynamic CMOS and is going to be 
the prevailing circuit implementation technique as the 
technology scales down. The energy-delay space of parallel 
adders with various sparseness degrees are explored using a 
45nm standard cell library in synthesis-layout optimization 
flow. In Section II structural features of adder topologies are 
classified. Section III gives a brief survey of sparse adders 
appeared in the literature. In Section IV we derive a 
theoretical upper bound for the energy optimal degree of 
sparseness in parallel adders. A hardware efficient sum path 
adder that enables to reach higher levels of sparseness is also 
introduced. Section V gives the results for two high 
performance prefix adder structures which are analyzed to 
determine the energy optimal sparseness. Section VI 
concludes the discussion. 

II. ADDER CIRCUIT TOPOLOGIES 

Carry computation is a prefix problem [17][21]. Every 
output in a prefix problem depends on all inputs having an 
equal or lower index. For example the i’th carry (the carry 
signal generated at digit i) is a function of all inputs having 
index i or less (ci = f(ai,bi,ai�1,bi�1,…,a0,b0,cin)). There have 
been many prefix algorithms proposed in the literature for 
the efficient computation of the carry signals [6-8, 20-21].  

Weinberger introduced generate and propagate signals to 
parallelize the carry propagation for fast operation [1]. His 
generate-propagate based formulation inspired many adder 
architectures [6-8][20]. Ling [2] presented a transformation 
to reduce the fan-in of adder to comply with fan-in limitation 
of IBM ECL technology. Instead of propagating the carry 
signals the less complicated pseudo carry signals are 
propagated. By using Ling’s equations the first stage of the 
carry tree and bitwise generate and propagate signals can be 
merged into one stage by using gates with a stack height of 2 
[13]. This reduces the number of stages in the adder hence 
translates into increased performance at same energy [13]. In 
[3] it is shown that the only worth signals to use in prefix 
computation are the ones introduced by Weinberger [1] or 
Ling [2]. Adders using generate/propagate signals are named 
here as Weinberger adder and those using Ling’s signals 
(pseudo carry, transmit) are named as Ling adders. 

Carry block of prefix adders are shown using prefix 
graphs. An example prefix graph based on Ling recurrence is 
shown in Fig. 2. Black circles (�) in the prefix graph 
represent group generate (Hi:k = Hi:j + Ti�1:j�1Hj�1:k) and group 
propagate (Ti�1:k�1 = Ti�1:j�1Tj�1:k�1) operations. White circles 

(�) are buffers. Rhomboids (�) refer to bitwise generate (gi = 
aibi) and propagate (ti = ai + bi) operations. Black rhomboids 
(��� �	
	�� ��� �	� �	��	�� ������	� ��	�������� �Hi:i�1 = aibi + 
ai�1bi�1) and (Ti�1:i�2 = (ai�1+bi�1)(ai�2+bi�2). The squares (�) 
refer to the sum select operation (si = si

1hi�1 + si
0hi�1’). The 

actual carry signals (c) can be calculated from the pseudo 
carry signals (h) as ci = ti�1hi�1where hi�1 = gi�1+ci�1 . 

Prefix algorithms are classified by considering structural 
features as logic depth, prefix, fan-out, and wiring 
complexity. Logic depth is the maximum number of stages 
from input to output.  Prefix is the maximum number of 
input signals (or maximum fan-in) of a prefix operator in the 
prefix tree. For example, prefix 2 means two signals are 
processed in a black node. Prefix is closely related to the 
logic depth of a prefix algorithm. It determines the lower 
bound for the number of stages in a carry tree which is logPN 
for an N-bit adder with prefix P operators. For a 64 bit adder, 
the depth of the carry tree will be 6 for prefix 2 and 3 for 
prefix 4. Fan-out is the maximum number of logical 
branching in the prefix tree. Wiring complexity is the 
maximum number of wires used to connect signals between 
consecutive stages. 

Minimum depth prefix structures yield better 
performance than structures with higher number of stages 
[16]. Kogge-Stone (KS) and Ladner-Fischer (LF) adders are 
the well-known minimum depth high performance prefix 
computation structures. KS adder keeps fan-out minimum in 
price of increased wiring complexity. On the other hand, in a 
LF adder fan-out increases exponentially while wiring 
complexity is kept at minimum. In [20], various minimum 
depth adder topologies are introduced that trade wiring 
complexity for fan-out and vice versa. In short, KS has the 
highest wiring complexity and minimum fan-out, and LF has 
the highest fan-out and minimum wiring complexity. The 
prefix graphs of KS and LF adders using Ling signals are 
given in Fig. 3. 

III. SPARSE CARRY TREE 

The carry tree generates carry signals in parallel for each 
bit to speed up addition. To overcome the computational 
burden of generating all carry signals, in a sparse carry block 

 
Figure 2. Prefix graph and operators. 

 
 

Figure 3. Prefix graph of 8-bit (a) Kogge-Stone and (b) Ladner-Fischer 
adders (full carry tree). 
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only multiple radix carries are generated. The motivation of a 
sparse carry tree is to reduce the hardware overhead incurred 
by generating all carry signals. In order to achieve a sparse 
carry tree, addition operation is divided into sub-blocks 
where for each sub-block conditional sum signals are 
generated forcing the corresponding carry signal to be ‘0’ 
and ‘1’. True carry signals for each sub-block are 
simultaneously generated in the carry block. True sum 
signals are selected from the conditionally generated sum 
signals depending on the value of true carry signals. 

Adders with sparse carry trees are proposed in the 
literature with various degrees of sparseness [4-5],[9-
12],[14],[22-23]. A sparse carry tree can be generated for any 
prefix adder. Here, we will focus on the fastest prefix adder 
structures, namely the Kogge-Stone and Ladner-Fischer 
which are minimum depth structures. Both adders have their 
advantages and disadvantages. We will show that by using a 
sparse carry tree the disadvantages can be eliminated to a 
certain extent and energy-delay performance can be 
improved. 

Both LF and KS adders have their shortcomings. With 
the demand for higher length (bit-width) adders, the high 
fan-out of LF adder considerably hurts the adder 
performance. For example in a 64 bit adder fan-out reaches a 
number of 32 gates. On the other hand, with technology 
scaling down, wiring load has become close to fan-out load 
that adversely affects the KS adder. In a 64 bit adder, wires 
span through 32 bit slices (bitpitch). The high wiring density 
in KS adder and high fan-out in LF is solved by using the 
sparse computation technique without degrading their 
performance. The long wires are used to connect the 
intermediate generate and propagate signals in the carry 
block. In the sparse technique, only some of the carry signals 
are generated as shown in Fig. 4. The sum signals are 
generated using only those generated carry signals. The 
wiring cost is reduced to the amount of generated carry 
signals. The overhead is: increased loading on the generated 
carry signals and a more complex sum path. The complexity 
tradeoff between carry and sum blocks states an energy 

optimal degree for sparseness which will be discussed in the 
next section. 

IV. ENERGY OPTIMAL DEGREE OF SPARSENESS 

A. Theoratical Results 
Here we will derive a coarse upper limit for the energy 

optimal degree of sparseness in parallel adders. It is based on 
critical path length balancing where the critical path length is 
measured as number of logic stages. As mentioned before, 
minimum depth parallel adders provide better performance 
[16] and the sum block logic depth must be equal or lower 
than the carry generation block to satisfy the same 
performance target when different degree of sparseness is 
applied. It is a rough equality to prevent any performance 
penalty that may occur because of increased sparseness. 

Consider an N-bit adder with a sparse M carry tree. We 
limit the derivation for prefix 2 computations. The analysis 
can be extended to higher prefix computations as well. The 
critical path of a parallel adder is determined by the logical 
depth of carry block for which the minimum possible value 
for Ling recurrence is 

 1 + log2N  
The logical depth of sum path is determined by the depth 

of M-bit adders used in the sum block. The minimum 
possible depth for an M -bit prefix 2  adder is 

 2+log2M  
where 1 stage is the bitwise generate-propagate, log2M 
comes from the carry tree, and 1 stage is the final sum 
selection stage. By increasing sparseness we are actually 
increasing the depth of sum block which should not exceed 
the depth of carry block. So 
 2+log2M  �  1 + log2N (1) 
which reduces to 
 M  ���N/2. (2) 

This is the theoretical upper bound for the energy optimal 
sparseness of an N bit prefix 2 Ling adder. In case of a 
merged carry tree the upper bound for sparseness will 
become M � N/4. 

B. Sum Path in Ling Adder 
Ling’s transformation reduces complexity in the carry 

tree at the expense of increased complexity in the sum 
generation block. Therefore, implementation of sum block 
differs in Ling adders. In general, sum in an adder is 
computed by 

 si = ai�bi�ci  
When using Ling recurrence the carry signal (c) needs to 

be generated from the pseudo-carry (h) signal as ci = 
ti�1hi�1where ti = ai+bi. So 

 si = ai�bi�(ti�1hi�1)  
The sum is computed conditionally depending on the 

value of the pseudo carry (hi�1) using a multiplexer: 
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For an M-bit block of sum signals, the computation of the 
sum conditionally depends on the value of the pseudo-carry 
(hi�1): 

 
Figure 4. Prefix schemes of the carry tree for 8-bit Kogge-Stone (KS) and 

Ladner-Fischer (LF) adders (sparse-2 and sparse-4 tree). 
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For a sparse M adder, for each M-bit block two M-bit 
adders are used for the pre-computation of the sum signals 
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iMiS  and 1
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�

itCi

iMiS  as shown in Fig. 5. 

C. Implementation of Sum Block 
Conditional computation of sum signals introduces 

hardware overhead due to the requirement of two adders to 
compute partial (or conditional) sum signals. Therefore, the 
simplest adder structure, the ripple carry adder, is preferred. 
After simplification of the initial stage for cin= ‘0’ and cin= 
‘ti�1’, an M-bit ripple carry adder has a logical depth of 1+M 
stages. An equivalent minimum depth prefix adder has 
2+log2M stages. For M = 2, both ripple and prefix adders 
have the same depth, 3. Linear proportionality of the critical 
path length in a ripple carry adder limits it to be used for up 
to sparse 4 for a 64-bit prefix 2 adder. In order to reach 
higher sparseness degrees while preserving critical path 
length equality, a parallel prefix adder with shorter critical 
path needs to be used in the sum block. Table I shows the 
change in number of logic stages in critical path when ripple 
carry and minimum depth prefix adders are used in the sum 
block. 

Parallel adders require more gates and wires as compared 
to serial adders and that increases their implementation cost 
considerably. In order to reduce the hardware overhead 
incurred by using prefix adders in the sum block, common 
signals generated within the two adders can be shared. Any 
gate that has no signal depending on the input carry signal in 
its fanin cone is shared among the two sum path adders. For 
a ripple carry adder only the gates that produce the bitwise 
generate/propagate signals and their corresponding buffers 
are shared. On the other hand, when sum path adders are 
implemented using parallel prefix adders, it is possible to 
share more gates because of the independent paths from 
inputs to outputs. Shared gates and signals are shown in 
shaded areas in Fig. 6 for an 8-bit sum path adder. 

By using parallel adders in the sum path, it is possible to 
increase sparseness without losing performance and it 
provides a larger exploration area for the energy optimality 
in design space. The gates and wires are the major sources of 
switched capacitance, hence dynamic power, in the adder. 
With sharing common signals in the implementation of 
prefix adders we prevent excessive hardware overhead and 
increased power consumption so that reduced gate count in 
the carry tree is not offset by increased gate count in sum 
path. While sharing of common gates prevents excessive 
hardware overhead and increased power consumption to 
some extent, wiring complexity is increased in the sum 
block. Hence, to better understand the effect of increased 
sparseness on energy, we need to look at the change in both 
total gate complexity and total wire complexity of a sparse 
adder.  

Although KS and LF adders have the same gate count, 

 
Figure 6. 8-bit conditional sum computation using parallel prefix adder. 

TABLE I.  CRITICAL PATH LENGTH COMPARISON WITH INCREASING 

SPARSENESS FOR SUM BLOCKS IMPLEMENTED USING RIPPLE CARRY AND 

PARALLEL PREFIX ADDERS 

Degree of 
Sparseness (M) 

Ripple carry 
(1+M) 

Parallel prefix 
(2+log2M) 

2 3 3 

4 5 4 

8 9 5 

16 17 6 

 
Figure 5. Conditional sum computation in a sparse M Ling adder using M-

bit adders. 
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LF adders have more buffers than complex gates. Therefore, 
using total gate count for total gate complexity will be 
inadequate to measure the effect of changing hardware 
complexity with sparseness. As shown in [15], the dynamic 
energy consumption of a logic gate depends on the logic 
complexity, fan-out load and the switching activity rate. In 
parallel adders and most of digital circuits, output of a gate 
drives another logic gate or the output load though a wire. 
The total circuit capacitance (area) excluding the output 
loads and the input signal drives is calculated by summing all 
gate and wire capacitances (gate sizes). Also, static energy 
consumption is also directly related to total capacitance as 
well. For most of the static logic gates, the gate capacitance 
increases as the number of inputs are increased. Therefore, 
the number of inputs is used as a better measure for the 
complexity of a gate. Hence, the complexity of an inverter 
will be 1, a two input NAND (NOR) gate will be 2, a K-input 
gate will be K. The total gate complexity is calculated as the 
sum of individual gate complexities. This complexity 
measure neglects the effect of gate size (or strength) on 
complexity. Thus, the accuracy of the results are limited to 
small gate sizes, i.e. either low speed target designs where all 

gates tend to be unit size or circuits having a dominant 
critical path and all gates in side paths are minimum sized 
(like in LF adder). Nevertheless, it can still be used as a first 
degree analysis method.  

Wire complexity is calculated as the sum of horizontal 
wires spanning from one bit position to another. This 
analysis is based on the assumption of a rectangular layout 
structure where the width (correlated to number of adder bits, 
i.e. 64) is much larger than the height (correlated to the 
number of levels, i.e. 7), hence the effect of vertical wiring is 
neglected. A gate at bit position 31 driving a gate at bit 
position 63 will have a connecting wire spanning through 32 
bit positions, hence the wire length will be 32 units. The 
actual wire length will be determined by the width of a bit 
position in the layout (i.e. bitpitch). To account for wiring 
within a bitpitch a wire length of 0.5 units is assumed. 

Fig. 7 and 8 show the change in total gate complexity 
(TGC) and total wire length (TWL) with increasing 
sparseness for 32-, 64-, 128-, and 256-bit KS and LF adders. 
Complexities are normalized with respect to full carry tree 
adders, i.e. M=1. The reference gate complexities for 64-bit 
KS and LF adders are 3447 and 3029, respectively. The 

 
(a) 

 
(b) 

Figure 7. The effect of increased sparseness on gate complexity for Ling 
adders (a) KS and (b) LF. 

 
(a) 

 
(b) 

Figure 8. The effect of increased sparseness on wire complexity for Ling 
adders (a) KS and (b) LF. 
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reference wire complexities for 64-bit KS and LF adders are 
4567 and 1234, respectively. For 64-bit KS adders, gate 
complexity reaches a minimum for sparse 4 designs and 
increases at a slower rate through sparse 16, whereas wire 
complexity continues reducing till sparse 16. For 64-bit LF 
adders, sparse 2 yields both minimum gate complexity and 
total wire length though there is little difference with sparse 
4. It must be noted that the reduction in gate complexity in 
LF adder is due to removal of buffers as opposed to the more 
complex AND-OR gates in KS adder. Hence, the 
improvement in gate complexity for LF adder is smaller 
compared to the improvement in KS adder. The increase in 
gate complexity beyond sparse 8 in KS adder will 
circumvent energy savings achieved through reduced wiring 
complexity. Furthermore, energy optimum sparseness degree 
will be determined by the gate capacitance to the wire 
capacitance ratio. For low performance design region, gate 
sizes are small hence wire capacitances will dominate and 
KS sparse 8 is expected to outperform KS sparse 4 in terms 
of energy at same performance. For LF adder on the other 
hand, it is not worth going beyond sparse 4 due to increased 
complexity in both measures. For 128- and 256-bit adders 
sparse 4 yields the most savings for both KS and LF 
structures. 

V. RESULTS 

To prove the theoretical foundations stated in the 
previous section we have analyzed sparseness degrees of 1, 
2, 4, and 8 on 64-bit Ling adders using Kogge-Stone (KS) 
and Ladner-Fischer (LF) prefix schemes. A standard cell 
library is prepared in Cadence Virtuoso using TSMC 45nm 
CMOS technology . The smallest gate has a width of 0.8μm 
and the largest gate has a width of 3.6μm. The gates in the 
library are given in Table II. 

All gates in Table II are designed for 3 threshold levels 
(low, standard, and high) allowing leakage power 

optimization. Total number of gates in the library is 114. 
Each gate is characterized for energy, leakage power, and 
delay (worst case single input switching conditions) using 
typical process corner parameters. The nominal supply 
voltage is 1.1V. The nominal operating temperature is 25°C.  

Synopsys Design Compiler is used to do the gate sizing 
optimization and Cadence Encounter to do automatic 
placement and routing. Post-layout energy and delay 
simulations (using extracted parasitics) are carried out using 
Synopsys Primetime. 25% switching activity is assumed at 
the inputs. Gate sizes are optimized for energy under a range 
of operating  conditions (delay and input/output loading) for 
each adder. Primary inputs are assumed to be driven by 16x 
inverters. The output load is set to 5fF which is equivalent to 
the load introduced by terminating the outputs with a 16x 
inverter. Due to the limited number of available gate 
strengths buffering is allowed in the gate sizing optimization. 
Insertion of buffers is critical in the design of LF adder 
which suffers from high fanout loading.  

The effect of increased sparseness on energy and delay 
for 64-bit Kogge-Stone and Ladner-Fischer Ling adders is 
shown in Fig. 9. For both KS and LF adders sparse 1, 2, 4, 
and 8 are synthesized for delay target ranging from 300ps to 

               
(a)                                                                                              (b) 

Figure 9. The effect of increased sparseness in the energy-delay space for 64-bit Ling adders (a) KS and (b) LF.

TABLE II.  STANDARD CELL LIBRARY 

Gate Available Strength 

AOI21 1x,2x,4x,6x,8x 

AOI22 1x,2x,4x,6x,8x 

INVERTER 1x,2x,4x,6x,8x,12x,16x,32x 
NAND2 1x,2x,4x,6x,8x 
NOR2 1x,2x,4x,6x,8x 

OAI21 1x,2x,4x,6x,8x 
OAI22 1x,2x,4x,6x,8x 
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400ps. The resulting energy-delay space is shown in Fig. 9a 
and Fig. 9b for KS and LF adders, respectively.  

For KS adder increased sparseness significantly improves 
energy without degrading performance (50%). Sparse 4 
gives the best result. Going beyond sparse 4 has reversed 
returns. For low speed targets energy level of KS sparse 8 
catches up with sparse 4. Since gate sizes are small, the 
results closely match the circuit complexity analysis given in 
previous section. For the LF adder, sparse 2 yields 22% 
energy savings over the non-sparse LF adder. LF sparse 4 
yields comparable results for lower performance delay 
targets. Similar results are obtained for leakage power (Fig. 
10). Leakage power savings reach up to 70% and 40% 

respectively for KS and LF adders with increased sparseness. 
Comparing KS and LF adders, sparse 2 LF adder is more 
energy efficient than the best KS adder, namely KS sparse 4. 
However, for high performance (<315ps) KS reaches 
comparable energy levels of LF adder (only 7% higher). 

The contribution of wire energy to total energy is shown 
in Fig. 11. As was shown in Fig. 8, increasing sparseness is 
expected to reduce wiring complexity, hence its contribution 
to total energy. Fig. 11a shows the energy contribution of 
wires to the total energy for KS adders. KS Sparse 8 has the 
lowest wire energy contribution. The contribution of wire 
energy is reduced in price of increased circuit complexity. 
Hence, it is not translated into overall energy reduction. Note 

               
(a)                                                                                              (b) 

Figure 10. The effect of increased sparseness on leakage power for 64-bit Ling adders (a) KS and (b) LF. 

               
(a)                                                                                              (b) 

Figure 11. The effect of increased sparseness on wire energy contribution for 64-bit Ling adders (a) KS and (b) LF.
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that the wire energy contribution increases as performance 
decreases. This is because for low performance targets, gate 
sizes are small and wiring does not scale down 
proportionally. Hence, wire capacitance start to dominate 
over gate capacitance. On the other hand, for the LF adder, 
wire energy does not change significantly with increased 
sparseness. Although results in Fig. 8 show a small decrease 
in wire energy Fig. 11b does not show significant change. 
The discrepancy can be attributed to the increased vertical 
wiring neglected in the analysis. 

VI. CONCLUSION 

In this work, the energy optimal sparseness degree in the 
carry tree of static CMOS parallel adders is investigated. 
Efficient sum path adders are proposed to achieve higher 
sparseness levels that could not be achieved by using ripple 
carry adders without degrading performance. Sparseness 
degrees of 1, 2, 4, and 8 are analyzed on 64-bit Ling adders 
using Kogge-Stone (KS) and Ladner-Fischer (LF) carry 
prefix schemes at a 45nm technology node using a standard 
cell library and automatic synthesis and layout optimization 
flow. Energy savings of 50% and 22%, and leakage power 
savings of 70% and 40% are achieved with increased 
sparseness degree of carry trees for KS and LF adders, 
respectively. For 64-bit KS adder, dynamic energy and 
leakage power optimal sparseness is 4. For 64-bit LF adder, 
dynamic energy optimal sparseness is 2 whereas leakage 
power optimal is 4. Both optimal KS and LF adders reach 
the same minimum delay target of 300ps with LF sparse 2 
consuming 1.43pJ dynamic energy which is 7% less than KS 
sparse 4.  
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