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Abstract

This paper explores the possibility of util-
izing counters for reducing the partial products
generated from multiplication of two numbers re-
presented in a generalized binary system. Algor-
ithm for multioperand addition of Koren's gener-
alized number system are worked out. A carry
look-ahead adder is developed and hardware aspects
of possible counters for this class of binary
number system are discussed. Negabinary counters
are also introduced in line with those proposed
for binary multiplication by Stenzel et al.

I. Introduction
In a binary multiplication, the complexity

and time increase with increased number of bits.
Generation of a matrix of partial products with

subsequent reducton of the matrix by means of
pseudo-adders has been looked into by several
authors. Matrix generation and compression

Tra-
of operand reduction scheme use

schemes are much faster for larger operands.
ditional forms

full adders to reduce the matrix. Daddal intro-
duced the notion of a (c,d) counter as a combina-
torial network which receives ¢ bits of equal
weight as input and produces a corresponding d bit
sum as output. This class of counters were ex-

tended recently by Stenzel et al.2 to include
counters which receive columns from several suc-
cessive radix positions of the input and their
sum is produced by taking the corresponding
weights into account. They have successively

implemented a 24x24 bit multiplier incorporating
ROMs as (5,5;4) table lookup counters. This class
of counters gives rise to a compact, high speed
and less expensive parallel multiplication scheme.

On the other hand, considerable amount of
work has been done in different number systems and
in deriving arithmetic algorithms for them. Be-
cause of the unique advantage of representing the
positive and negative numbers without a sign bit,

several authors have looked into the negative
radix number systems. Sankar et a1.3 described
algorithms for basic arithmetic operations in

negative base. Some simpler, faster and more gen-
eral algorithms were also proposed for negative

radix number systems.4 Yuens offered a new (8,-4,
-2,1) representation for decimal numbers to sim-
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plify the carry generation process in B.C.D.
addition. Zohar6 has concluded that the negabi-
nary system has irrefutable advantage over the

conventional binary system in special applications
such as digital filtering and signal processing in
general. In a more recent presentation, Koren and

Maliniak7 discussed a unified approach to a broad
class of number systems, characterized by <B,A>
and successfully derived algorithms for different
arithmetic operations.

In this paper, an approach has been made to
look into possible reduction of partial products
in multiplication of two numbers, represented by
<2,A> system. Algorithm for multioperand addition
in <B,A> system is derived in Section II to make
the process feasible. A carry look-ahead adder
for <2,A> system has been developed in Section 111
for fast addition of final two rows. Section IV
discusses the possibility of a generalized binary
counter and its hardware implications. Finally in
section V, negabinary counters are presented in
line with those presented in Ref. 2.

IT. Generalized Binary Number System

Koren and Maliniak7 suggested a generalized
number system characterized by the pair <B,A>,
where B is a positive integer and A is a vector

(An~1’An-2""’AO)’ Aia{-1,+1}. The algebraic
value x of an n-tuple (xn—l’xn-Z’ BRIV ij{C,
1,...,B-1} is defined by
n-1 i
X = 'Z Aixiﬁ (1)
i=0

A generalized binary system is one for which
B=2, /\ie('-],ﬂ), xis{O,l}, A= (1,1,..,1) for bi-

nary; (1,-1,1,...,-1,1) for negabinary; (-1,1,1,
...1) for 2's complement; and (1,-1,-1,1,...,1,
-1,-1,1) for 8,-4,-2,1 code as suggested by Yuen
and so on.

We are primarily interested to show that the
partial products generated by multiplying two
<2,A> numbers can also be reduced by the counter
methods.




Algorithm for Multioperand Addition

Considering the ith column of m operands
xis in radix B and carries cis and borrows bis

from preceding columns,

2. = A Ix. + Jc. - 3b. (2)
or 1 1 1 1 1
I - 2 .
2 T As; Y Be Ly by ) 4B (C345 " Byyp)
] -
+ ... +8 (Ci+j bi+j) (3)
where,

J 1is the no. of carries or borrows from the
ith column, and
85 is the sum bit.

This is subject to the following condition,

N”-1;ZB+zci, c, e {0,1,...,8-1} (4)
m

or,
log(1+2B+3c,)

m
TToep ! )

(SR
v

Restricting the above equations te-twe carries or
two borrows,

s; = (Aizi) mod B (6)
Case T
z. 2 A.s
1 1 1
Piv1 T bipp =0

1.
Cip1 = (E(zi - Aisi)) mod B

_ 1 - 21
“i+2 = pz(z;7Ays)) B Cit+1 )
Case II
2. < A.s,
1 11
€it+1 T C4p =0
1,
bi+l = (E(Aisi-zi)) modp (8)
b= S(us.-z )+ Ly
i+2 T B2 %1740 Y g by

For a generalized binary system with

n-1
X= 2 A

1=0
xi£{0,l} the above set of equations can be modi-
fied by substituting B=2.

i % 2t Aje{-1,+1},

265

III. Carry Look Ahead Adder for <2,A> System

Reduction of two operands is usually done by

the carry-look ahead adder58 and hence we consider
the design of such adders for <2,A> system. To do
this, a full adder for two operands with one carry
and one borrow inputs is given in Fig. l1a and n
such full adders can be connected to give a n-bit
parallel adder in <2,A> system.

The logical expressions are given by7,

S, = x; ® v; 1] (ci+bi) (9)

bi+1 = yi(xi+yi)bi +tY.x.y.b. + y.x.y.c,
where, x and y are two operands
and ¥, = 0 for A, = -1
=1 for A, = +1

The above set of equations (9) is not valid
for the case bi=ci=1 and the carries () and bor-

rows (x), generated are shown in Fig. 1b. These
equations are also too complex and their implemen-
tation in the form of Carry Look Ahead Adder is
extremely difficult.

In order to simplify the equations for a
Carry Look Ahead Adder, the hypothetical case of
bi:ci=1, which is equivalent to bi=ci=0, is intro-

duced giving rise to an extra row in the K-map of
Fig. 1b. Further simplification is obtained by
introducing additional carry~borrow (Jx) null
pairs and this leads to a complete K-map drawn in
Fig. 1c. The following logical expressions are
derived.

Cie1 T YiXgYy * oy (xty)) = yi$fxi+yi) =p; (10)

Pieg = (Q*edb, +q; ¢, an

vhere Q; =y, (x;y;+x.y,) + (AR

¥; 8%, 8y,

Bivy = (Qg*p; b+ q Pig

=0 Py * Qe b, (12)
and Ciy1 = P,
In terms of the previous output,
Piv1 T QP10 1By, (Q;+p, )
ML FURPICIE T L SN (13)

Expanding further,




bivr = QPsy * QP (P )
QiP5 QP Qg *Py )
(Q;+p)Q

(14)

*Qtp; Qg *py )
1= P for bO = ¢y

Hence, with the help of logic gates, eqn. (10)
and (14) can be implemented to generate the carry
and borrow inputs c and bi+1 to the (i+1)th

with by = Qq, ¢ =0

i+l
column at a faster rate than would be expected out
of an ordinary parallel adder using eqn. (9).

IV. Generalized Binary Counter

For a (c,d) counter1 with ¢ inputs and d out~
puts, the number of output bits must be sufficient
to represent all possible sums of ¢ bits, hence,

d

2" -12c, for a n operand addition with

(c-n) carries.

d Ly
The outputz, = 3 o2 e for A, = 1
1 j=1 it+]) 1 1
(15)
d-1 cl s
=- 2 bi+~ 21+J - s, for A, = -1
=1 !

Obviously, for one addition, there have to
be (d-1) carry outputs and (d-1) borrow outputs
besides s; for taking into consideration both

Ai=+l or ~1. Since carry and borrow outputs can-

not occur simultaneously, they can be viewed as a
single output for each column. Figure 2a shows a
(7.3) counter giving rise to two carry outputs or
two borrow outputs corresponding to A.=+1 or -1
respectively. .

A (5,5;4) Generalized Binary Counter

The idea of a (c;d) counter can as well be
extended to counter of type (Ck-l’ck-Z""’Co;d)’

where k is the number of successive input columns,
¢ is the number of input bits in ith column cor-

responding to a weight 2% and 4 is the required
number of output bits. The value of the output is

k-1 Si-1 :
V= .E Ai 'E xij 2 (16)
i=0 j=0
and again subject to the condition that
a KL
2°-12 3 ¢, 2 an
i=0 *

A (5,5;4) counter is shown in Fig. 2b adding
5 inputs each at two successive columns and giving
2 sum outputs and 2 carry or borrow outputs for
the next two bit positions.

In case of a

(5,5;4) counter, the maximum
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value occurs when both Ais are +1 and the minimum
value occurs when both Ais are -1. 2¢ shows

both the cases

Fig.
producing different carry and
borrow outputs. It should be kept in mind that
the carry output has to be added where as the
borrow output has to be subtracted in the corre-
sponding columns irrespective of the value of Ajs.

For a (5,5;4) counter of this type to be used
in reduction of partial products, there have to be
provision to take into account the extra outputs
available from the previous counter. As carry and
borrow outputs cannot occur simultaneously, this
poses no problem to the usefulness of a counter

It is worth mentioning that either the carry or
the borrow output of the counter will have the
same sign as the corresponding input bits and
hence, it can be treated as input bits. Thus, the
number of inputs to the ROM 1is reduced to 5+5+2
for the two unaccounted carries/borrows. In

otherwords, a 4K by 6 bits ROM can be used for a
(5,5;4) counter with 12 inputs and 4+2=6 outputs.
Again, to take into account four different combin-
ations of Ais, there have to be ROMs with four

different types of contents to reflect the four
possible combinations of the two successive Ais.

This still seems to be quite expensive. However,
keeping in view the complexity of the problem in-
volved, this is quite expected. Fig. 3a shows the
connection between two ROMs in the reduction of
partial product matrix of very high number of
operands. For the cases where ci<5 the ROMs have

only 5+5=10 inputs and only one level of counters
is necessary as shown in Fig. 3b. The last two
columns can be added by using the carry look ahead
adder developed in the preceding section.

V. Negabinary Counters

The algorithm developed ina for multioperand
addition in a negative base is reproduced in Table
1 for easy understanding.

Clearly, for negabinary system and for cases
k>B=2, the addition will generate more carries
€430 iy etc. as the number of operand in-

creases. We restrict our observations to k<2,
giving only twin carries. This results in a (c;d)
counter where ¢=5 and d=3. +5 represented by 101
and +3 represented by 111.

A (5,5;4) negabinary counter

As suggested by Stenzel et 31.2 for binary
numbers, equal column counters can also be employ-
ed for reducing the negabinary partial products.
Maximum efficiency is achieved by introducing
(5,5;4) negabinary counters which reduces a matrix
of 5 rows high to 2 rows high. The final two rows
can be summed through negabinary carry look ahead

(c.l.a.) addelrs8 or modifed binary c.l.a. adders9

As an example of a (5,5;4) counter, fig. 4(a)
shows the addition of 5 negabinary numbers of
weight 1,-2 to produce a 4 bit output. The num-




bers involved are of maximum negative value re-
presentable in a 2 bit negabinary system. This

also holds good for any two adjacent columns. 1.

Fig. 4(b) shows the reduction of an arbitrary 5
bit negabinary addition employing (5,5;4) count-
ers. A generalized (Ck»ﬂ’ Chmps +vos co;d) type
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TABLE I
| 273, 55 Ci+1 Ci+2
Case [ z; < B i 0 0
Case II (kBézi<(k+1)B (zi)modB B~k 1
for k=1,...B
Case II (tﬁ+k)B§zi<(tB+k+l)B (zi)modB B-k t+1
for t=1,...8-2
k=1,...B

where, B=radix, x.= bi . : a i i
, F » X;Tsum bit, Cit2 and Ci41 @re twin carriers.
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Tablie II

# of Possible Possible
outputs | Absolute Absolute Limit of Counters
d Max Value Min Value Operands Type
i+ ] . i . .
i | ™| et | e sent 6,550
5 gyith,  pyit2 43 6nyi*2ee o,
C2THEDTT ()43, it | AEDTHSEDT (5 50y
+(-2)* 5(-2)**1
6 (-2)4 )13 | ()Pt -2) 112 | 4(-2)1*345(-2) 11,
. H 7(4,4,5,536)
+(-2)i"? (-2t 4(-2)* 245 (-2)3
0% xy¥y v 0 vl
b .c
164 00 0l 110 10 11 o1 00
00 Vx x /x / /x
€ 1+1
P —— le——— €41 o1 % 7/ 7/ /
byl F.A.
- ——— ] fe———— by 1 /x x /x / /x
l 10 Vx x x x /x /x /x x
§1

Y - carries
Fig. la. A generalized binary Full Adder
x - borrows

Fig. lc. Complete K-map for carry and borrow outputs.

XYy "1' o 1'1-].
byey 00011110 10 1 ol a
00 x /
01 /Y % v v
1
10 x x x x

Y - carries

x - borrows

Fig. 1b. Carry and borrow outputs from ith column
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Fig. 3a. Interconnection between ROMs.
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V3 Fig. 3b. Effect of adjoint counters.

Fig, 2c. Maximum and minimum situatfons in a (5,5,4) ccunter.

229 28 27 26 35 g4 p3 2 1 0 Weight

11 1 ¢ 11 [
1 o 10 1 0 1 0
o 1 1 0 1 1 [
1 i 0 1 0 1 | ]
1 0 1 1 ]1 o 0 1
i
-8B 4 -z 4 Weight RG] T 5
—— 11 11
1 0
1 o 11 1 0
1 0 11 | Y
1 0
i 0 1 1 1 1 0 11 1 0
| S i1 V]
—
1 0 L 0

Fig. 4b. Effect of adjoint negabinary counters.

Fig. 4a. A (5,5,4) negabinary counter.
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