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ABSTRACT

This paper is concerned with the
algebraic sign detection of a number in
the Symmetric Residue Mumber System. A
new a2pproach hue been suggested which
completely avoids the time consuming
process of the Symmetric Mixed Radix
Conversion (SMRC), An algorithm based
or the above approzch implemegntable in
parzllel for sign detection is alsc pre-
sented, The hzrduare representation of
the above algorithm is shoyn. The time
and harduware complexity raguired for
the procass hav: also hezn computed,

INTRODUCT IcH

Severs) kirds of repressntation
for resicueg numhers have becn proposcd,
each of which bas merits and demerits,
The Symmatric Hesidue Mumber System
(SRNS) has many advantages over the
Residue Number System (RNS) viz,, it
is sagy in thg SH™S to find the additive
inverse of a rcosidue digit, it givee
an affective solution for sigr sensing
and magritude dstesmination ete, Many
soluticns to the problem of sign detsc-
tion in the RMS have besn suggested!=4,
but in the SaMS, therse is no specific
method for detacting the siz- of a num-
ber excopt the SMiT processsCertainly
it computos the sign but is relatively
time concuminyg becouse of tho gascaded
proces® uszd, Besides, it furnishes
more irfocmation (21l symmetric mixed
radix cu-elficients), The purpose of
thie papor i tou presart a neu apprcach
for algebraic sign determiration in the
SRNS, yhich rorpletely zvolds the time
consuming piosutm of the SMRC,

SYMMETRIC RESIDUS ARITHMITIC FUMDAIMEN -
TALS

Before concidering the problem of
eign detceotisr, tio hasie definitions
and oporctions in thg SaM%S zre introdu-
ced to male thie popor =L f-contaired.
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Definition 3

Definition 1 ¢ The symmetric residug of
X modulo m is the least remainder in
absolute value yhan an integer X is
divided by another positive integer m,
Here m is called a modulus, A »commanly
used form of this condition is

*
x4%] em o+ X/,
whera L—- an-]‘/X/m glln?'j**.

/X/m is the notation fur symmgtric resi-

due of X yith respect to m, Whgn m is
odd, these residues arse symmetric uith
respect to the origin, but when m is
gven, perfect symmetry is lost, In this

case, ths quantity % is mgain the closest

integer to ol except that if X is of the

form 2;, where n is odd, then the quanti-

ty % is the closest integer to ﬁﬁl .

Definition 2

The ordered n-tuple
X cvesli/
m2, ves m

ma? of symmetric
1 n
resicgues of X yith respect to en ordered

set (m1,m2,...,mn of n moduli form the
symretriC residue representation of X,

on 3 The SRMS is defined as a
number system uhere the integers in the

interval [k—% + 1, L%J] (upper squars

brackets indicate a closed interval),
uhere M = ﬂ' m are representsd by

i=1
their syrmetric residue representation
corresponrding to the moduli MysMose s @

i!

n'
If these moduli are chosen to be pairuise

relatively prime, ther any integer in

the interval [L— -';-J + 1, L%l}:.‘: uniguely

¥ 117 denctes the closest integor to 1.

**LIJ denotes the flour of I i.,e., the
largest integer < I,




represented by its szmmetric residue
representatjon and it is degnoted by

XE> Xy o X veeeslX )
. n

The addition, subtraction and
multiplication of tuwo numbgrs X and Y
in the SRANS is defined as faollouws as
long as the operands and the_result are

falling in the interval [': %J +1, L.';_J]
X*Y HU/X/‘M*/Y/’“'I /m1 ,//X/mz*/Y/mz/mz,
cee s //X/mn*/Y/mn/mn)

where the symbol * represents additicn,
gsubtraction or multiplication of tuwo
numbers,

Symmetric Mixed Conversion Process: 1t
is used to conrvert @ residue code of a
number to its symmetric mixederadix re-
presentation, A number X may be expre~
ssed in symmetric mixed radix form as

ne1
X== L i];T1 mi+ see + r3.m1‘om2 + r2.m1+ Tys
(1)

where r; and determined sequentially
from equation (1),

GENERAL APPROACH FOR SIGN DETECTIGN IN
THE SRNS

We prove the following theorem
based on yhich an algorithm has been
suggested, An implementation of this
algorithm has also baeen proposed which
is parallel in nature, For the sake of

simplicity, we write [X/ = xgs 1=1,2,
m3

A M
eeey Mg LBt mi=

‘E .
i

Theorem
For any modulus mss 14£i4n, the
sign of a numbar X in the intervel

[l: %J + 1’ L%j] is established by a pro=-
position P in the following ways:

Case_(a) : If ﬁi is odd, then X is non-
negative iff

A
(=4 ‘
Pe 5@1 {xk= /3.mi+ xi/mk}
Vixi= Insly A xg 2 0)

is true for k= 1,2,,,., iet, it1,..4, Nq

A
Case (b) ¢ If m is even, then X is non-
negative iff

A
m,
1] -

P= j\=/; { %= /j"’“i*"i/mk}
Vine /) wmyxs/p N xg & oJ

V{Xk:: /xi/m'_’/\ xi) 0} is true
for k = 1,2,,,.,i-1, i+1,,.., N,

uhers N, A are logical 'OR' ang 'AND!
operators,

Proof: Proof is given in an appendix,

Remark 1 ¢ The number of iteraticns can
ba reduced by choosing ms to be the lar-~

gest modulus,

ALGORITHM FOR SIGN DETECTION OF A_RESIDUE
NUMBER

The following algorithm, based
on the above theorem is used to dstect
the sign of a residue number, Choosa wm;

[
to bs the largest modulus and let F= ig,
ARlgorithm
Input ¢ The number XQ—}(x1,x?,...,xn).

Output: The sign of X,

Procedure
Step 1 ¢ Start the processes @, and q,

simultaneously:

Q@ and Q, * Obtain the symmetric residue
repressntation of X; & mip.r.t.

MareeesMiqoMisgr soey My as

1 - i+
xie(xi, Xgnoe,xi 1’)(; ,...;)‘_2),

1 i- +1 n
mié-')(mi, mz,..'.,m;' 1,'"? ,oon;mi)’
where

Xi = /xi/m. and mi = /mi/m.' J=15 25000y
J J
i1, i+1,440 N,

Step 2 ¢ Start the processes Rgs Rqs Ry
ooy R_GRY,
Comrent -~ Description of Rj’

= 0,1,000yp and R' is given
gt the and’of thisPprocedure.




Step 3 : Find 8' = (o , o ..u 27T

Step 4 ¢ If ﬁi is even, then go to the

next step slse form S=S5t%,
and go toc step 6,

p

Step 5 ¢ Form S = S';g(,, .

Step 6 ¢ If S =
else it is negative Shop.

Description of the process R

Start the processes Hg, R

LN ]
5 i-1 Ri+1 L
o *"o bR 0
vhere RE ¢ Med my comparator, which
compares x and x:. 1f com-

parsd, then sot ,6 = 1,
k
othoruice B8 = G, fcr k=1,2,
G
o--’i'1’ i%1’ *re Ne

If x; & 0, then set a = 1 else a = U,
Computa 2 logical variabls o0 as

” i~ 1+ n

1 »
.,(G= (P . FU eue ﬁ . ﬁo cae JBU . 8)

i

Descriptior of the procsss Rj' i=1,2,

sses Po

Lat j.mi H (/j.m:{/m1 ”“"“'j;m;-‘,‘/ﬂli' 19

gevey

. i+,
/Jami /
i+

/il ),
n
then 23 = x;+ jum; € (zq, 2Dy eeey
2} 4y 2000 .,zn)
whaere zﬂ= /x';+ /j.m?/mk/mk,k=1,2,..o,h-

Start the processes R;, R?,..., R§ L

R%*’ eors RY,
Mod my, comparatur which
compres Xj and za 1f

compared, then set ;f = 1,
k

where R; H

otheruise & = 0, for k=1,2,
i"‘l, i +'1’on.; R,

LI

0 then X is non-negative
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Compute a logircal variable dﬁ as
1 2 is1 i+ "
LmlBe Beif v B i B
i 3 h] i 3
Cescriptiorn of the proucess ﬁ%
1f xi L G, st b = 1 glse b = §,
p

Computc 2 logical variahbls « as

1
p 1 2 i=1 }+1 r
0(1 ="(ﬂo po-./a 0/\ s ﬁ.b)
p P p p p

where ;r, k = 1’2'onu’i‘1’.ll’n are

obtained in the same manner as obtained
in the case of the process Rp abovae,

Example

Consicer the SAMNS of 4 pairuise
ralat1v01y prime mocduli 7,5,3,2, lct
X <> (1, 1, 1, 0) be the number whose
sign is to be detected. Choose any mode-
lus, say m, = 7 and p = 15,

Step 1 ¢ Start the processas 4, and Q,
Q2 x;=x, > (1, 1, 1) uith respert to
: the moduli 5,3,2
Q¢ my=m, «> (2, %, 1) with resparct to
, the moduli 5,3,2
Step 2 ¢+ Start the processes Rgyo Ryseces

1]
Rise Rise
Pr009§§_50: Start the process RS, Rg, RS,
Rg: Mod m, comparator which com-

pares x, and /x1/m2 i.8.,

compare =1 and =1, in mod 5
comparator. Since they
campare, set = 1,

S5imilarly the processes Rg and Rg yleld,

: 4
= 1 d = 0,
;% an }%

Now x3 = xq = 0, set a = 1,

Compute a logical variahlg cxo as

0 2 3

4
oca(,%,,%.,%.a)-‘l.




= (27 -1, D)

R
Start the prorecses Rys RYy Ry,

) 1
1 * Compars Yo and 2, ir mod S

They do not
2 .

set B = 0.
1

it
cumparator,

compare, So
3 LA,
The procassas R1 and i, give,
; O d > 1
= an = 1,
3 A

2 7 4
* . ) =1
bk k

Similarly the processes Ry

Compute 02 = (

RS,...’ R1S
are executed simultanecusly to yield

14 5
o(2=o(3=.cl=0(l=1and 0(1J=0

Process R;s ¢ Since X4 =0, set b = O,
Compute 2 logical variable afs as

15 1 2 14
= ( . cea Q . b) = 10
% R’ As ‘15

Stap 3 Find St = ( o(D . 0(1 e O}a)': 10
Step 4 § Since 61 is sven, form

15

o X
1

Since 5 = 1, the number X is
negative, gtop.

S = §!

= 1,

Step 5 @

HARDWARE REPRZSENTATION

A harduare representation of this
algorithm, to detect the sign of X €=
X4y %oy ¥z)y is shoun in Fig, 1, for

the case yhen the SRNS consists of the
moduli 5,3,2., The symmstric raesidue
corresponding to any modulus will be
represented in birary representation.
It requires one extra bit for sign vize,
symmetric residucs correspondirg to the
moduli 5,3,2 are repressnted ir 4,3 and
2 bits respertively,

In Tig. 1 circled '"+' denotes the
moduelor additior, Tho comparstors have
output 1 only for iduntiec) irputs, we
use semiconductor gates in ocur deosigr,
Tre "' decnoten 'yired CR' functicn.,
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Comparalors
I%
b 0D 3
=
tal,
MOD 2
x3
For
* - checking
xy30
1.
e
MOD 3
|
mMOD 2
=S
@3 =
MO0 3
x 1 for
! ] checking|
p———————- I 7Y

Fig.1 Mardware represeniation of the scheme for sigh
detection

idonaiks 2 ¢ The proposed sehere fop sigr
detocticr can “¢ goreralized to cne in
whieh the selertod mu-ulus a 1 reploced

bty & selected subsst uf the set (w1, Moy

A ?
caey mr) of the moduli, m. is ther tho
product of ths cemeliring moduli,
Remark 3¢ In the shuove irplementgtion,
we have considered the rase yhen A, is

A 4

Put if my
posed implemertatior, discunrect the cut-
put of the last compzarator,

is odd then in the pro-

vz,

TiME AMD HARDWARE COMPLIXITY REQUIRED FCR
THE PROCESS OF SIGN DETECTION

in this section, ws estimate the
time required to detect the eign of a
nunhaer in its symmetric residue represen-
tatiorn ard the karduarc complexity.,

Time Required to Compute the Sign

Let Tg= time requirod to detect ths sign
of a residue number,

tc= time required to convert
Xi to ( xi/m.',/x / s--o,/)'i/m N

im, 1
/xi/m.

,-oo,/x-/ )g
i+ 1

M




ta= time required for cne residue
addition,

*

t = time required by comparator to
compare,
[x3/, with xu, k= 1,2,00.,1-1,
i+1, eeey Ny

t,= time required to compute S5 with

the help of "',
Then .
Tsxtc + ta +t + A4+ ts’ where A is
a2 single gate dslay,

Rseume that combinational logic is used
to convert x; to (/x

Ixi/,

i m(’oo-,/Xi m£—1’

feses /xi/in) iﬁ usad,'then

i+
TS ~B8A + ts’ wvhere t'a = 3A
Hardyare Complexity
Let L,= the number of gates required
k to convert x, to /x
i i mk’
Ak= the number of gates rsguired
for mod my, acoer,
Ck= the number of gates rsquired
for mod My comparator,
Dk= ths numbgr of gates required
for comparator, comparing

whether x; =2 0 or X; < 0y
for k= 1,2;.00,1—1,i+1’oo',n0

For the implemcntation suggestes here,
the number of mod my adders used are

(m, = 1), the number of mod m, compara-
tore used are Mys

POr K= 1,2y 000i=T,i%1,4 00,00
Ths number of NAND gates used are

m,
l1fJ + 1, It is assumed that thg NAND

gate has fan-in of n, Here, the sign
function S is directly obtaired by per-
forming ‘Wired,OR' function., But, if

m,
the valus of l?%J is very large, then

we have to intreduce the logical gates,
Let T* bg the number of gates required
ir the last part of our design to get S,
then the total complexity estimated (in
terms of gates) is

n .
511{ Lt Ay (mka1) + gk mk} + 20, +
= i

kéi [5‘:’* ™.
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Here we see that the harduare
complexity increases with the increase
in the range of the system, So, thise
approach is suitable for MSI/LSI reali-
zation, But this scheme saves exscution
time at the cost of harduare complexity,

CONCLUS IGH

The scheme for sign detscticn of a
nunbar in the SRNS preserted in this
paper completely does auag with the time
consuming precess of the SMRC, The hard-
ware implementation of the algorithm
based on ths proposed approach is also
suggested, AS we have shown that the
hardware complexity ircreascs with the
increase in the range of the systam, it
is suitebls only for MSI/LSI realization,
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Appendix

Proof of the theorem

X € [lf %J +1, L%J] s can bg uritten as

X = 3 my+ /X/m', for some j,
i
s A

i< < [,




(2)

or X =

> Ny

Jomg o+ %y
/3 my* xi/m
fOr k= 1 2,..-,1-1,1"' lgeeeyg Ny

or X = /J mi + xi/mk .

It is obvious that X is non-negative in
the range [0, l.-mf.h .

A
if me
then for non-neyative Xe j is

Case (a) : is odd,

m,
Younded hatuwzcrn 1 und lzfd,
since for j = 1

0LX = m; + Xi< L-T;-IJ

and for J = —AJ

04X = lJH.|T+ X3 £ L7.HJ
- 13] -
If § = 0 then equatiocn (2) becomas
X = x, .
i
For non-negative X,

X20= x;20.

In conclusior, we say that X is non-
negative iff

A
-]

? ' ’
\VAIDS LI Xi/mévﬂ- = /xi’mk
i=1
/\xi 2 q} is true.
Case (b) ¢ If m is even,

m.,
then '."‘I = =
4}

N3
]+ we oot

A

For j =

.,
X = l?% . M+ x5, by using (2),
Or ,’7‘] -
_ hyeny ")
= dpdex= 54 xm |3

sinca M is even.

]
For non-negative X, X _<_L-2-J ,
thersfaorc from
For j = 0, x; 20 (shown in case (a)).

shove equation s < 0.

Thegre are tuo cases,
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Hence X is non-nasguative iff
m
|-+
{ Xy = /j.mi+ xi/ 3
J—V{k=/‘. m+x//\x<0}
V{Xk= /xi/mk A X, = 0_7, is true,

N




